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On the Properties of Kullback-Leibler
Divergence Between Multivariate Gaussian
Distributions

Yufeng Zhang, Wanwei Liu, Zhenbang Chen, Ji Wang, Kenli Li

Abstract—Kullback-Leibler (KL) divergence is one of the most important divergence measures between probability distributions. In this
paper, we prove several properties of KL divergence between multivariate Gaussian distributions. First, for any two n-dimensional
Gaussian distributions A7 and N, we give the supremum of K L(N1||N>) when KL(N>||N1) < & (& > 0). For small &, we show that
the supremum is £ +2£1% + O (&?). This quantifies the approximate symmetry of small KL divergence between Gaussians. We also
find the infimum of K L(N||N2) when KL(N2||N1) = M (M > 0). We give the conditions when the supremum and infimum can be
attained. Second, for any three n-dimensional Gaussians N, N2, and N3, we find an upper bound of K L(N||N3) if KL(M[IN2) < &1
and KL(M||IN3) < & for g1, & > 0. For small &1 and &;, we show the upper bound is 3&1 + 3 & + 2v/€1&; + 0(&1) + 0(&2). This
reveals that KL divergence between Gaussians follows a relaxed triangle inequality. Importantly, all the bounds in the theorems
presented in this paper are independent of the dimension n. Finally, We discuss the applications of our theorems in explaining
counterintuitive phenomenon of flow-based model, deriving deep anomaly detection algorithm, and extending one-step robustness

guarantee to multiple steps in safe reinforcement learning.

Index Terms—Kullback-Leibler divergence, statistical divergence, multivariate Gaussian distribution, mathematical optimization,
Lambert W function, deep learning, flow-based model, reinforcement learning

1 INTRODUCTION

A statistical divergence measures the “distance” be-
tween probability distributions. Let X be a space of
probability distributions with the same support. A statistical
divergence D : X x X — R* (R* is the set of non-negative
real numbers) should satisfy (a) non-negativity: D(p,gq) > 0
and (b) identity of indiscernibles: D(p, p) = 0, where p, ¢ are
probability densities. Another stronger concept, statistical
distance, also measures the distance between probability
distributions. A statistical distance should satisfy two extra
properties including (c) symmetry: D(p,q) = D(q,p) and
(d) triangle inequality: D(p,q) < D(p,g) + D(g.q), where
p.q and g are probability densities.

Kullback-Leibler (KL) divergence, also referred to as
relative entropy [1], plays a key role in many fields includ-
ing machine learning [2], [3]], information theory [4], and
statistics [5], etc. The KL divergence between two continuous
probability densities p(x) and g(x) is defined as

KL(pWla) = [ peolog 20 ds )
q(x)

KL divergence is not a proper distance [1]. Firstly, KL

divergence is not symmetric. It might happen that the for-
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ward KL divergenceﬂ KL(pllq) is very small but the reverse
KL divergence KL*(p|lq) = KL(ql|p) is very large. Secondly,
KL divergence dose not satisfy the triangle inequality. This
brings obstacles in applying KL divergence in many circum-
stances.

KL divergence is one member of more generalized di-
vergence families including f-divergence (also called ¢-
divergence) [6]], Bregman divergence [7], and Rényi diver-
gence [8]. For example, the widely used f-divergence in-
cludes many commonly used measures including KL diver-
gence, Jensen-Shannon divergence, and squared Hellinger
distance [5]. Many f-divergence are not proper distance
metrics. KL divergence also has a deep connection with
other information measures. For example, the second
derivative of KL divergence is Fisher information metric. By
taking the second-order Taylor expansion, KL divergence
between two nearly distributions can be approximated with
fisher information matrix [1]. Furthermore, forward and
reverse KL divergence have the same second derivatives at
the point where two distributions are equal. Therefore, KL
divergence is locally approximately symmetric when two
distributions are close to each other.

Meanwhile, Gaussian distribution is one of the most
important distributions and central to statistics. It is also
pervasive in many fields including machine learning and
information theory. The probability density function of an

1. Here we can choose to call KL(pl|q) or KL(q||p) as forward
KL divergence. The terminologies “forward” and “reverse” is just for
convenience.
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n-dimensional Gaussian distribution is given by
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Here i € R”" is the mean and X € S7, is the covariance
matrix, where S7, is the space of symmetric positive definite
nxn matrices. Gaussian distribution constitutes the basis for
more complicated distributions. For example, the mixture of
Gaussians, namely Gaussian Mixture Model (GMM) has a
wide range of applications due to its power of approxima-
tion [2].

The KL divergence between two n-dimensional Gaus-
sians Nj(p1,Z1) and Np(p2,X2) has the following closed
form [5]

KL(N (p1, Z1)[IN2 (2, Z2))

1 X _ _
5 o8 1521+ TrC3"E0) + a2 = o) 25z = o) =

®)

where the logarithm is taken to base ¢ and Tr is the trace of
matrix. Due to the good form of Gaussians, one may expect
that KL divergence between Gaussians may have some good
properties. However, as like many other distributions, KL
divergence between Gaussians is not symmetric and does
not satisfy the triangle inequality either.

The concept of KL divergence has been proposed for
seventy years [1]. It is surprising that the properties of KL
divergence between Gaussians have not been investigated
thoroughly.

In this paper, we investigate the following research prob-
lems.

1) For any two Gaussians Nj(p1,Z1) and MNa(p2, Xo),
when forward KL divergence KL(M||N,) is bounded
by a small number &, what is the supremum of reverse
KL divergence KL(Nz||N1)? Although KL divergence
is locally approximately symmetric, we want to step
further in the investigation on such approximate sym-
metry in a Gaussian case.

2) For any two Gaussians Ni(p1,X1) and Na(po, Xp),
when forward KL divergence KL(N;||N2) is not smaller
than a number M, what is the infimum of reverse KL
divergence KL(N>||N1)? This problem is dual to the first
problem.

3) Does the KL divergence between Gaussians follow
some property similar to the triangle inequality?
Precisely, for any three Gaussians N;(u;,X;) (i €
1,2,3), when KL(N1||[N2) and KL(N>||N3) are bounded
by small numbers &1,&p, respectively, how large
KL(N1||N3) can be?

Note that the third research problem is different from
the several existing general Pythagoras theorems satisfied
by KL divergence [4], [9], [10], [11]. In the existing general
Pythagoras theorems, the bounds are dependent on the
given distributions. In this paper, we want to obtain bounds
that are independent of the parameters of Gaussians and
hold for any Gaussian distributions. We will discuss this
point in Section 4

As far as we know, we are the first to propose and
investigate the above research problems. These research
problems are motivated by our research on deep anomaly
detection with flow-based model [12], [13], [14]. Flow-based
model is capable of provide explicit likelihood for input.

2

Researchers have found that flow-based model may assign
higher likelihoods for out-of-distribution (OOD) data than
in-distribution (ID) data. For example, Glow [14] trained on
CIFAR-10 assigns higher likelihoods for SVHN. However,
we can not sample OOD data from the model with prior
although they are assigned higher likelihoods by the model.
This counterintuitive phenomenon has not been explained
satisfactorily. In our research, we find that the KL divergence
between several Gaussian(-like) distributions are vital in
explaining the behavior of flow-based model. This inspires
us to conduct research on the properties of KL divergence
between Gaussians. In this context, the parameters of dis-
tributions are learned from data or dependent on the given
inputs. It is impossible to identify the parameters or the KL
divergence before the model is trained. We only know that
some bound is guaranteed. Therefore, the existing general
Pythagoras theorems are not applicable due to their de-
pendence on the parameters of distributions. The theorems
proved in this paper provide a solid foundation for explain-
ing above phenomenon as well as our anomaly detection
method using flow-based model. Our theorems can also
be used as general conclusions in related fields including
machine learning, information theory and statistics. For
example, our theorems have been used as key support in
safe reinforcement learning framework [15] after we post
our last version of this manuscript on Arxiv [16]. We will
elaborate these applications in Section

Contributions. The contributions of this paper are as
follows.

Given any three n-dimensional Gaussians N1, N> and N3,

1) We prove that when KL(MJIN) < & for
e > 0 the supremum of KL(M[|N2) s
3 ((—Wo(—e~1*290))7L + log(—~Wo(—e~1#29))) — 1), where
Wy is the principal branch of Lambert W function. We
give the condition when the supremum can be attained.
For small &, we show the supremum is ¢ + 2154 0(&2).
This quantifies the approximate symmetry of small KL
divergence between Gaussians.

2) We find the infimum of KL(N||N;) if KL(N:|IN1) = M
for M > 0. We give two proofs for this result. The first
proof has the similar structure with that for the above
supremum. The second proof is based on the proof for
the supremum. We also give the condition when the
infimum can be attained.

3) We find an upper bound of KL(N[|IN3) if KL(N|IN,) <
g1 and KL(N>||N3) < &5 for 1, &5 > 0. For small g1 and
&7, we show the upper bound is 3e1 + 3e2 + 2+/€187 +
o(&1)+o(e2) . This indicates that KL divergence between
Gaussians follows a relaxed triangle inequality.

4) All the bounds in our theorems are independent of
the dimension n. This is a critical property especially
in contexts where dimensionality has a fundamental
impact.

5) We show several applications of the theorems proved in
this paper including explaining counterintuitive phe-
nomenon in flow-based model, deriving anomaly de-
tection algorithm, and extending robustness guarantee
in safe reinforcement learning.

The remaining part of this paper is organized as fol-
lows. In Section 2| we prepare lemmas that will be used
in all theorems. In Section [3| we investigate the supremum
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(infimum) of reverse KL divergence between Gaussians
when forward KL divergence is bounded. In Section ] we
investigate the relaxed triangle inequality of KL divergence
between Gaussians. In Section 5| we discuss the applications
of the theorems proved in this paper. In Section|6|we discuss
related work. Finally, we conclude in Section [7}

2 LEMMAS AND NOTATIONS

Before presenting our results, we introduce the famous tran-
scendental function, the Lambert W function, which occurs
almost everywhere in this paper.

Definition 1. Lambert W Function [17], [18]. The inverse
function of function y = xe* is called Lambert W function
y=W().

When x € R, W is a multivalued function with two
branches Wy, W_1, where Wy is the principal branch (also
called branch 0) and W_; is the branch —1. The derivative of
Wis

1 3 W(x)
x+eV® T x(1+W(x))

Function f(x) = x —logx lies in the core of our problems.

In the following, we prove some useful lemmas related to

f(x).

Lemma 1. Given function f(x) = x—logx (x € R**) (R** is the
set of positive real numbers), the following propositions
hold.

(@) f(x) is strictly convex and takes the minimum value 1
atx=1.

(b) f(x)> f(1/x) forx >1and f(x) < f(1/x) for0 < x < 1.

W (x) = (x#0,—-eh) (@)

(c) The inverse function of fis f~1(x) = —-W(-e™¥) (x > 1).
(d) The solutions of equation x —logx = 1+ ¢ (r =
0) are wi(t) = —-Wo(—e 1*)) e (0,1] and wo(r) =
~W_1(—e~ D) € [1,+00). It is easy to know w1(0)
wy(0) = 1. We treat w1 (z), wo(¢) as functions of 7.
(e) The derivatives of w1 () and wy(t) are
Lo mwi() | Wo(—em (D)
MO = o = e <0 O
s mwalt)  Wi(—em M)
wy(t) = T~ W) + 1 >0 (6)
(f) For 1 >0, f(wi(1) < [ (5. f () < [ (wa(0)).
(g If f(x) <1+1(r=0),then wi(f) <x < wy(t) and

1
w1 (t)

S(t) = sup f(%)=f( ) @)

>0
F (014t

(h) If f(x) 2147 (=0),then0 <x < wi(f) Vx = wy(t) and

0= inf ()= f() ®)
J(x)21+t

(i.) Fort >0, f/(wa(1)) < _f,(wzl(t))'

() For t1,1 =20,

fwi(t)wa(t2)) =t + 2 + 2+ wi(t)wi(t2) — wi(t1) — wi(r2)

©)

Fwa(t))wa(t)) = t1 + 12+ 2+ wa(t1)wa(t2) — wa(tr) — wa(t2)

(10)

3

Proof 1. The details of the proof are shown in Appendix
o

The notations used in this paper are summarized in Table

m

TABLE 1
Notations.

fx) x—logx (x e R*)
W(x) the Lambert W function
Wo(x) the principal branch (branch 0) of W (x)
W_1(x) the branch -1 of W(x)
w1 () the smaller solution of f(x) =1+1 (t > 0)
wa(t) the larger solution of f(x) =1+ (1 > 0)
Flte. . ox) e
A the eigenvalue of matrix
A* the largest eigenvalue of matrix
As the least eigenvalue of matrix
fi(x) fl-x)-1(0<x<1)
7 Fr+1) -1 (x> 0)
gi1(e) ffl (e), the inverse function of f;
gr(&) f71(e), the inverse function of f,
N(0,1) standard Gaussian distribution

3 BOUNDS OoF FORWARD AND REVERSE KL Di-
VERGENCE BETWEEN GAUSSIANS

In this section, we give the supremum of reverse KL diver-
gence when forward KL divergence is less than or equal to
a positive number &. We also show that the supremum is
small if € is small. These conclusions quantify the approxi-
mate symmetry of small KL divergence between Gaussians.
We also give the infimum of reverse KL divergence when
forward divergence is greater than or equal to a positive
number M. Furthermore, we give the conditions when the
supremum and infimum can be attained.

3.1 Supremum of Reverse KL Divergence Between
Gaussians

We want to know how large the reverse KL divergence can
be when forward KL divergence is bounded by a number
€. The following Theorem [I| gives the supremum of reverse
KL divergence.

Theorem 1. For any two n-dimensional Gaussian
distributions N(p1,21) and N (2, X)), if
KL(N(p1, X1)|IN (2, 22)) < (e = 0), then

KL(N (p2, Z2)IN (p1, £1))
53 SR S . S
=2 Ty (me-200) ~ 98 Ty (Ce-2e)

The supremum is attained when the following two con-
ditions hold.

(1) There exists only one eigenvalue 1; of B;'X{(B;")T
or Bl’l):.z(B{l)T equal to ~Wo(—e~(1+22)) and all other
eigenvalues A; (i # j) are equal to 1, where By = PlDi/z,

Py is an orthogonal matrix whose columns are the

eigenvectors of X1, D1 = diag(Ai,...,4,) whose diag-

onal elements are the corresponding eigenvalues, B, is

defined in the same way as By except on X».
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(2) 1 = pa.

Overview of proof of Theorem
Theorem [I| can be seen as the following optimization
problem P;.

maximize KL(N (2, Z2)|IN (11, £1)) (11)
s.t. KLIN (p1, Z)|IN ((2,X2)) < & (12)

Our aim is to solve problem P; analytically. The proof
consists of the following several steps.

1) Invertible linear transformation. We use a linear transfor-
mation to turn one of A; and A, into standard Gaus-
sian. Since diffeomorphism preserves KL divergence
[19], both the objective function and the constraints in
P; can be simplified.

2) Reducing to new optimization problem. We reduce Pj to
the following core problem Ps.

maximize f(l . l) (13)
X1 Xn
st f(x1,...,x,) <n+g (14)
where f(x1,....x,) = X0, f(xi) = 2, x; — logx; (x; €

(0,0)).

3) Investigating f(x). f(x) lies in the core of the problem.
We have proven several properties of f(x). The inverse
function of f(x)is f~' = =W(=e™) (x = 1). This allows
us to conduct further analysis in all other parts of this
paper. Another foundamental property is the relation
between f(x) and f (%), which provides a base for
subsequent steps.

4) Concentrating &’. In problem P,, the supremum of
f (;—1, ceeh xi) is affected by the domain of each dimen-
sion, which is in turn determined by how ¢’ is allocated
to these dimensions. We call (&1, - - , £,) where > &; =
€ as an allocation. We prove that f'(xl—] o, %) takes its
maximum when ¢’ is allocated to only one dimension
(i.e., an “extreme” allocation). In other words, there ex-
istsone &; = ¢ and &; = 0(i # j). The key idea is to prove
the convexity of function A(e) = f(377) = f(w1(8)).

We put the key steps of proof of Theorem [1|into Lemma
and Lemma 3] After that, we give the main proof.

Lemma 2. Given n-ary function f(x) = f(x1,...,x,) =
S ixi —logx; (x; € RY™),if f(x1,...,x,) < n+e(e >0),
then

= 1 1
sup f(x—l, ey x—)
B 1
—Wo(—e~(1+e))

1
-log o (o) +n-1 (15)

The supremum is attained when there exists only one j
such that f(x;) =1+¢eand f(x;) =1fori # ;.

Proof 2. We want to solve the following optimization prob-
lem analytically.
|
maximize f(—,...,—) (16)
X1

st f(x1,....x) <n+e 17)

4

Since f(x) > 1, the constraint f(x1,...,x,) = 27, f(x;) =
2y Xi —logx; < n+ e can be replaced by the following
constraints

/\f(xi):xi—logxi < 1+8i) A (/\Ei 20) /\Zé‘i <e&
i=1 i=1 i=1

(18)
g 20AY" & <¢g

Given fixed €1, ..., &, such that A},

we define
_ -1 1
5(817'“’871): Sup .f(_’»_)
Af’ (f ) sleer X1 n
= sup f( ) =) S(&)  (19)
lzllf(xl)<1+s. Xi Z
So we have
_ 1 1 _
sup f(—,...,—)= sup S(e1,....&n) (20)
X1 Xn AL, 520

I si<e

It is easy to know that S(ei,...,&,) is continuous
and strictly increasing with €1, ...,&,. So the condition
2.inq € < ein Equation canbe changed to 37" ; &; = €.
The remaining proof consists of two steps. In step 1, we
find S(e1,...,&n) for fixed 1,...,&,. In step 2, we find
sup S(e1,...,&,) for any &1,...,&, satisfying A/ &
OAYl ei=¢

Step 1: According to Lemma [T} for fixed &; we get

S(ei) = sup f( )= f(

Fo<lesy w1 (8 )

Plugging Equation into Equation (19), we get

) 21

S(et,...,&n) (22)

Step 2: We define function

Ale) = f(T) fwi(e)) = % —wi(e) +2logwi(e)
(23)

Now we prove
A(te) <tA(e) (0<r<1) (24)

When ¢ = 0, it is trivial to verify that A(0) = 0. In the
following we show that A(g) is strictly increasing and
da(s) _

strictly convex. It is easy to know == = —W— +.- -1

Combining Lemma the derivative of A(¢g) is

dA(e) dA(e) « dw1 ()
de dwq de
1 2
wi(e? | wile)

-wi(e) 1 B
1-wi(e)  wi(e)

The second order derivative of A(g) is
d?A(e) _ 1 -w1 (&) 1

de2  wi(e21-wile)  wi(e)(l—wi(e))
dA(s)

Since wq(g) € (0,1) for & > 0, it is easy to know >

0, % > 0 for £ > 0. This indicates that A(g) is strlctly

increasing and strictly convex on (0, +c0). Thus, for any
g, e"” >0,wehave A((1-1)&’+18”) < (1-1)A(g') +1A(g")
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for any 0 < t < 1. Remember that we have known A(0) = Proof 3. (a) According to the definition of KL divergence,
0. Since A(¢) is continuous, it is easy to know we have

”mo_1; _ ’ ” 1
A(te”) = im A((1 - 1)e” +1&”) KL(N(. DIN(0. 1) =5 (- log []+ Te(E) + u" pu = n)
< lim (1 -19)A(E") +tA(e") = tA(e” 25
Um (= DAY +IAET) =IAED 2D e 0 DIN (D)) :% (1og|z|+Tr(z—1)+mz-1u—n)
Thus, we can obtain Equation (24).
Therefore, for any ¢1,...,&, satisfying A ;& > 0A
>, & = & we have

where 7 is the dimension of the distribution. The positive
definite matrix X has factorization X = PDPT where P is
an orthogonal matrix whose columns are the eigenvec-

- tors of X, D = diag(Ay,...,4,) (4; > 0) whose diagonal
Aler.. - )) = Z Aler) elements are the corresponding eigenvalues. We also
n o have
Z Z ~A(e)=Ae)  (26) i n
= = Iz = |PIID|IPT| = D] = | [ A (29)
Inequality (26) is tight when there exists only one j such = 1
that ¢; = ¢ and g; = 0 for all i # j. This means that log | log A;. —log | loo — 30
for any €1, ..., &, satisfying AL &; > 0A XL, & = ¢, the oglx| = ; og;,—log|X| = Z Og (30)
following inequality holds.
_ T _ T _ _ )
Ser... 8n) Tr(Z) = Te(PDPT) = Te(PTPD) = Te(D) = Z A4 (31
)
=X () ENIE IV ol
! w(s) 2 Tr(Z )—Zﬂi—ZZ (32)
<A(e) + ZpLy f(wi(e1) o S
1 1 2 where 1/ = 1/4; are eigenvalues of £
< — _— — 1 i i g .
oo o8y ~ (i) ~logwi(e)) If KL(N (1. Z)|IN(0.1)) < &, we have —log [Z| + Tr(Z) +
+2X0 (1 +g) p'p —n < 2e. This condition is equal to the following
1 1 conditions
= —log——=-(1+¢&)+n+e¢ n
wi(e) wi(e)
1 1 —log [Z|+Tr(X) = )" A;—logdi <n+e  (33)
wie e pp<2e—e  (34)
= L ! ! 1 (27
T Wy (—e(+e)) — 08 —Wo(—e~(1+2)) +tn- (27) 0<e <2 (35)
Finally, we have In the following, we find the maximum of log|X| +
1 1 B Tr(E™) and p"E 7'y, respectively. From Equation (33),
Supf(_7~~~a_): Sup 5(819""871) we haVe
X1 Xn AL, 520 "
Z?: gi<e
. - > Ai-logdi <n+e (36)
—log +n-1 (28) i=1

= Wo(—e(158) O ZWo(—e (1))

Applying Lemma 2| on Inequality (36), we can obtain

f(1/x1,...,1/x,) reaches its supremum when there ex-
ists only one j such that f(x;) =1+e& and f(x;) =1 for S| 1 1
i le/l—i—log/l—i_log|)3|+Tr(E )
i < ! 1 ! 1 37
In the following Lemma (3| we deal with the case when T W (—e~(+en) — 108 —Wo(—e~(1+e1) tn- (37)

one Gaussian is standard. Then we extend Lemma [3 to

general case.

Lemma 3. Let N (0, I) be standard Gaussian, ¢ be a positive
number. For any n-dimensional Gaussian distribution

Moreover, since f(x) = x—logx takes the minimum value
f(1) =1atx =1, itis easy to know 4; —logd; < 1+¢&
from Inequality (36). According to Lemma [T} we know

N(N,Z)/ < Q< —1 < ’—l<—1
(@) If KLIN(u, 2)|IN(0,1)) < &, then wien) <4 < wa(er), wa(er) — 4= A~ wi(er) (38)
KL(N(0, DIIN(p, X)) We also have u"2 7'y < 2”u™ p where 1 is the max-
1 1 1 1 imum eigenvalue of £~!. Combining Equation and
2\ SWy (e 2eny ~ %8 Ty (Cemv20)) (B8), we can know
(b) TE KLN(O, D|IN(1,E)) < &, then 2% - &

< 1" e ) <
KL(N (1, )IIN(0,1)) wi(e1)
1 1 1 Now note that Inequalities and are tight simul-
2 (m ~log m - ) taneously when there exists one A; = wi(e1) and all other

(39)
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A; = 1 for i # j. Thus, we can add the two sides of
Inequalities and and get
KL(N(0,DIIN(p, X))

1
=5 (log Z+Tr(E ) +p 2 - n)

<1 ! —-lo ! +n-1
=2\ SWy(—e-ren) ) “Wo(—e-Cren) "
+28 & n)
wi(e1)
1(1+2e-¢& 1
== [——1 -log—— -1 40
2 ( wi(e1) & wi(e1) ) (40)
=U(e1) (0 < g1 < 2¢)
Notice that the derivative of U(gq) is
, 1( wi(e1) +2e—g1 1 )
U'(e1) == —
e =2 (wuel)a —wilen)  T-wilen) )
1 2e — &1

2wi(e1)(1 - wi(er))
Since wi(g1) € (0,1) for e1 > 0 and 0 < &1 < 2g, we
can know U’(g1) > 0 for &1 > 0. Thus, U(&1) takes the
maximum value at &1 = 2¢. Finally, we have
KL(N(O,DIIN(p, X))
1
—Wo(—e-(1320))

1

<U(2¢) = 5 log Wo(—e 2o -1
(42)

Inequality is tight only when there exists one 4; =
~Wo(—e~(1+28)) and all other A; =1 fori # j, and || = 0.
We can see that when ¢ is small, the right hand side of
Equation is also small.
(b) The proof of Theorem Bp|is similar. See Appendix
for the details.

[m}

In the following, we extend Lemma (3| to general Gaus-
sians. Before our generalized theorem, we recall the follow-
ing proposition which states that diffeomorphism preserves
KL divergence (f-divergence) [19].

Proposition 1. (See [19])) Let z = f(x) be a diffeomorphism,

X, ~ px and X, ~ gx be two random variables and

Zy = f(X1) ~ pz, Z» = f(X2) ~ qz. Then KL(pxllgx) =

KL(pzllaz).

Main Proof of Theorem

Proof 4. With the help of Proposition [1} it is not hard to
extend Lemma [3]to general Gaussians. The key idea is to
use an invertible linear transformation to transform one
Gaussian to standard Gaussian, and then apply Lemma
Please see Appendix|C]|for details.

i

To investigate the bound in Theorem [I| further, we can
expand Lambert W function using the series presented in
[18], [20] for small &. This is expressed by the following
Theorem.

Theorem 2. For any two n-dimensional Gaussian distribu-
tions N (1, X1), N (2, X2), and a small positive number

g, if KLIN(p1, Z)|IN (2, X)) < g, then

KL(N (2, E2)|IN (11, E1)) < e+26'5+0(?)  (43)

6

Proof 5. Please see Appendix|D|for the details of the proof.
i

Theorem (1| holds for any two Gaussians N (gt1,X1) and
N (p2,Z2). According to the proof of Theorem|[I| (Lemma [B),
one of N(p1,X1) and N (pp,Xp) can be fixed. It is not hard
to extend Lemma [3] to case where the fixed one Gaussian
is not standard. We can apply linear transformation (see
Equation (I55)) as what we have done in the main proof
of Theorem [I] (see Appendix [C). Therefore, we have the
following corollary.

Corollary 1. Theorem [I] and Theorem [2] hold when one of
N(p1,E1) and N (2, o) is fixed.

Remark 1. The supremum in Theorem [I] has the following
properties.

1) The supremum is small (zero) when ¢ is small (zero).
Figure |1 shows some values of the supremum of KL
divergence.

2) The supremum increases rapidly when & > 2 due to the
rapid increase of term W

3) Itis hard to reach the supremum in typical applications
(e.g., in machine learning practice) due to the strict
conditions.

4) The bound is independent of the dimension ». This is a
critical property in high-dimensional problems.

7.5

5.0

0.0

log sup(KL)

=251

=5.01

=754

—10.0 - &

T T T T T T T T T T T T
-0 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1
log €

Fig. 1. Values of supremum of KL divergence shown on a logarithmic
scale.

3.2 Infimum of Reverse KL Divergence Between Gaus-
sians

We also want to know how small the reverse KL divergence
could be when forward KL divergence is not less than a
given number. In this subsection, we give the infimum of
KL(MN>|IN7) when KL(N|IN2) = M (M > 0). The main result
is shown in Theorem [

Theorem 3. For any two n-dimensional Gaussian
distributionss N(p1,21) and N (2, X)), if
KL(N (p1, Z0)[IN (2, X2)) = M(M > 0), then

KL(N(H/Z’ ZZ)HN(“’L 21))
1 1 1

N , (44)
_E _W_l(_e—(1+2M)) — 108 _W_l(_e—(l+2M)) -

1

The infimum is attained when the following two condi-
tions hold.
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(1) There exists only one eigenvalue A; of B;Zl(Bgl)T
or 3;122(BI1)T equal to —W_1(—e~(1*2M)) and all other
eigenvalues A; (i # j) are equal to 1, where By = PlDi/z,
Py is an orthogonal matrix whose columns are the
eigenvectors of X1, D1 = diag(Ai,...,4,) whose diag-
onal elements are the corresponding eigenvalues, B, is

defined in the same way as By except on X».
(2) p1 = pa.

Proof of Theorem 3]

Intuitively, the problems in Theorem [1| and [3| should has a
tight relation. In this paper, we give two proofs of Theorem
The first proof has the similar structure as that of Theorem
except that Theorem [B|needs W_;. We put the first proof in
Appendix [E| The second proof can be drawn from Theorem
directly by analyzing the supremum. We put the second
proof below. These two proofs can verify each other.

Proof 6. In the following, we give the second proof which is
drawn from Theorem Il
Suppose KL(N (p1,Z1)[IN(p2,X2)) < t (¢ > 0), accord-
ing to Theorem [T} we know

KL(N (p2, Z2)|IN (p1, 1))

1 1
SE (—WO(—e(1+2t)) ~log —Wy(—e~(1420)) B 1) (45)
1 1 1
2 (w1(2:) 8 1 (20) ) (46)
=5(1) (47)
Since 1 is strictly increasing with ¢, §(¢) is continu-
w1 (21) y & ,

ous and strictly increasing with . Besides, the range of
function S(t) for (¢ > 0) is (0, +c0).

Given positive number M, according to Theorem there
exists N (p1,X1), N(u2,X2) and m such that

S(m) =M (48)
KL(N (p1, ZDIIN (p2, £2)) =M (49)
KL(N(p2, E2)|IN (p1, 1)) =m (50)
Thus, given the precondition

KL(N (1, Z1)|IN (2, X2)) = M, we can know that
inf KL(N (p2, Z2)[IN (1, £1)) <m (51)

In the following, we show

inf KL(N (p2, Z2)[IN (p1, £1)) = m (52)

must holds. Otherwise, there exists an m’ < m and
N (1, 1), N (2, £2) such that

KLN (p1, ZDIIN (p2, 22)) = M
KL(N (p2, Z)[IN (1, 21)) = m’

(53)
(54)

Applying Theorem[T|on Equation (54), it is easy to know

sup KL(N (p1, E)[IN (12, X2)) = S(m”) ~ (55)
This contradicts with the precondition
KL(N (p1, Z1)|IN (12, X2)) > M because

§(m’) < §(m) = M. Thus, Equation holds.

7
Now we can solve m from §(m) = M as follows.
1 1 1
= -1 -1)l=M
2 —Wo(—e‘(1+2’")) 08 _WO(_e—(1+2m)) )
1 1
<:>——W0(—€_(1+2m)) —log ——Wo(—e—(1+2m)) =1+4+2M
1
_ _,—(1+2M)
(:)—WO(—e*(“zm)) =-Wo(-e )
1
L W(—e—(i2m)
(:_W_l(_e—(HZM)) WO( € )
S 1 S 1+2
@_Wil(_e—(lﬁM)) 08 T (—e-t2M)y mn
1 1 . 1 .
M=\ T (et 08 Ty (e amy
(56)

where the third and fifth equations follow from Lemma
Plugging Equation (56) into (52), we can prove The-
orem

|

Remark 2. The bound in Theorem [ has the similar form
with that in Theorem [T} In fact, Theorem [[]and Theorem
forms a duality. Firstly, these two theorems can be
proved independently in the similar way. Secondly, these
two theorems can be derived from each other.

4 RELAXED TRIANGLE INEQUALITY

Until now, we have quantified the approximate symmetry
of KL divergence between Gaussians. A natural question
is how large can KL(MNi||N3) be when KL(Ni||N;) and
KL(N>)||N3) are small for three Gaussians Nj, N, and Ns.
In this section, we give a bound of KL(N1||N3) that is also
independent of the dimension 7. Proving the relaxed trian-
gle inequality is more difficult. The main result is presented
in Theorem @ We put the key steps of proof of Theorem [4in
Lemma [ ~[7land Lemma 9

Theorem 4, For any three n-dimensional
Gaussians N(pi, Zi) (@ € {1,2,3}) such
that  KL(N (w1, Z1)|IN(p2, Z2)) < &1 and
KL(N (p2, Z2)|IN (3, E3)) < &2 for 1,2 > 0, then

KL((N(p1, Z1)[12(p3, Z3))
1
<er+éey+ E (W_1(—e_(1+2£1))W_1(—e_(1+2‘°‘2)) (57)
+ Wy (—e 1280y 4 Wy (e~ 1¥282)) 41 (58)

2
2e
—(142&) / 2
-W_q1(—e 2 )( 2e1 + T (a2 0(—6_(1+2‘92))) ) (59)

Overview of proof of Theorem [4]
We want to solve the following optimzation problem P
analytically.
maximize KL(N (g1, Z1)||IN(Z(ps, X3))
s.t. KLIN (1, Z1)|IN (2, X2)) < &1
KL(N (p2, Z2)|IN (13, 23)) < &2

Unfortunately, it is hard to find the supremum due to the
complexity caused by Lambert W function. So we relax the
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constraints to simplify the problem. Our proof consists of
the following several steps.
1) Invertible linear transformation. The first step is similar to
that of Theorem [l We use a linear transformation on
N, N, and N3 to simply the problem. After transfor-
mation, N; is converted to standard Gaussian.
2) Relaxing constraints. In this step, we relax the constraints
to get a simpler problem, which is in turn reduced to
the following core problem Fj.

n
maximize Z /11,[1']/1/2,[:‘] - log /11,[”/1,2’ [i] (60)
i=1
s.t. Ay, —log A, i) =1+e1,) (1 <i<n)
n n
/\ E1,[i] = 0OA Z &1l = 2&q1
i=1 i=1
/1/2’[” - log/llz,[,*] =l+eg(1<i<n)
n n
2] = 0OA Z &2.[i] = 2&y
i=1 i=1

where /ll,[,-],/lé![i] are the eigenvalues of 21,251 ar-
ranged in decreasing order, respectively, and &1 ], 2,11
are arranged in decreasing order too.

3) Concentrating &1 and &p. The objective function (60)
is determined by how & and &, are allocated to
(e1,11]>- " > €1,[n)) and (&z,[1]," -, &2,[n]). We prove that
an “extreme allocation” can make the objective function
maximized. In other words, Equation takes its
maximum when &1 [1] = &1 and &; [1] = &2. We use a key
Lemma [7] to deal with the two dimensional case (i.e.,
n =2). Then, we use Lemma 8| to extend the conclusion
to high dimensional problems.

Lemma [7] is the most tricky part in this paper. In the
proof, concentrating ¢; and &, is much harder than
that in last section for Theorem [I} f(x) = x — logx
is a transcendental function whose inverse function is
expressed by Lambert W function. This makes even a
2-dimensional case of problem P, hard to solve. We
use an iterated way to prove Lemma [7} We prove that,
for any fixed “non-extreme allocation” (e1,[1,£1,[2])
(ie, e1,;21 > 0), there is a “more extreme” allocation
(&2,11]» €2,121) that can make the objective function max-
imized. Then we fix (ep[1],&2,21) and find a more
extreme allocation (‘91,[1]’51,[2]) to lift the objective
function further. Using these iterations, we can find
an infinite sequence of allocations which can make
the objective function reach its supremum when the
allocation is an extreme one.
Notations. Before the proof, we define the following
helper functions based on f(x) = x —logx.

i) =fA-x)-10=<x<1), fr(x)=fx+1)-1(x20)

(61)
The derivatives of fi(x), f(x) are
") = — (1 _ 1 1L () = (1 _q 1
Jix)=-f —X)—E— , flx) =f"1+x) = -1
(62)

8

So both f;(x) and f,(x) are strictly increasing. We note the
inverse functions of f;, f, as gi, g, respectively. Combining
Lemma it is not hard to verify that g;, g, are
i) =f; 1 (8) = 1=wi(e) = 1+ Wo(=e~ ")) (s 2 0) (63)
gr(8) =f7 (&) =wale) = 1= =Wy (=) =1 (5 2 0)

(64)
According to Lemma the derivatives of g;, g, are
N I B e e C N S
R S R AT R
(65)
’ _ 1 _ W2(8) _ fr_l(‘g) +1 _ 1
600 = () = S = s e
(66)
Specially, since lirr(1) wa(e) =wa(0) =1, it is easy to know
lirrb g, (&) =+c0 (67)

In the following, we note g, (0) = +oo for convenience.
Lemma |4 gives two useful conclusions for subsequent
analysis. They hold apparently.

Lemma 4. Let a, b, a*, b~ be positive real numbers.

@) ifa > b,a < a*,g T b~ then 1 < %
(b) if a < b, then 24} < 1.

Lemma 5. Given f(x) =x —logx and & > 0, then wa(g) -1 >
1 —w1(g) holds and the inequality is tight when & = 0;

Proof 7. The details of the proof are shown in Appendix[f
|

Lemma 6. Given f(x) = x—logxand ex,&, > 0,if f(x) < 1+e,
and f(y) <1+¢,, then

f(xy) < fwa(ex)wa(ey))

Proof 8. The details of the proof are shown in Appendix
i

(68)

In Lemma 2] in the last section (and Lemma [10] in Section
in Supplementary material), we eliminate the dimension
n from the bound by showing the convexity of constructed
function. Unfortunately, the relaxed triangle inequality in-
volves three Gaussians which make the analysis more com-
plex. The following Lemma [7] is the core of proof of the
relaxed triangle inequality theorem. It is the most techinical
part in this paper. We will use Lemma [/|to make the bound
in Theorem [ independent of the dimension n.
Lemma 7. Given f(x) = x—logx, let e, 1, £x 2, &y.1, &y,2 be four
non-negative numbers such that £, 1 > £x2,&,1 > &y2.
Then

fwa(ex)wa(ey 1)) + f(walex2)wa(ey2))

<f(walexy +exp)wal(ey1+&y2)) +1 (69)

Overview of proof of Lemma

In the overview of proof of Theorem [4| in the beginning of
Section [} we have mentioned Lemma [7} In the left hand
side of Inequality (69), £x,» and &, » stay in the second term.
Intuitively, we use Inequality to move &y 2, &y 7 into the
first item. It is hard to prove Inequality directly due to
the lack of conclusions relating to Lambert W function. In
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the proof, We use an iterative way to absorb &>, &y into
the first term gradually.
We treat

(Ex,l + 9x£x,2a Ex,2 — 9x£x,2) and (gy,l + 0y£y,2’ €y2 — 6)yt‘/‘y,Z)

as two allocations, where 6, and 6, control how &,> and
gy, are allocated among the two terms. The whole proof
can be seen as an variation of coordinate ascent. In each
iteration, we fix one of 6, and 6, (i.e., one allocation) and
make another one vary. The goal is to maximize the objective
function (Equation (71)). In this way, we will construct
an infinite sequence of allocations. The procedure is much
harder than a simple coordinate ascent algorithm. The proof
mainly consists of the following four aspects.

A1 In each step, once we fix one allocation and make
another one vary, we prove there exists one and only
one supremum.

A2 We find an equation to express above supremum
implicitly.

A3 We prove the procedure is really lifting the objective
function.

A4 We construct an infinit sequence of allocations. Then
we prove the limit of the allocation sequence will make
the objective function reach its supremum.

In this procedure, the hardest part is how to find a
more extreme allocation based on the last one. There is
no analytical solution to express these allocations. Luckily,
we find a key equation to express the property of these
allocations implicitly (see Equations @3), (97), (I01)). Based
on our analysis on such equation, we succeed to construct a
sequence of allocations and finally prove Lemma [7}

Proof 9. Inequality (69) is equal to

fwa(ex)waley 1)) + f(walex2)wa(ey2))
Sf(WZ(‘c/‘x,l + Sx,Z)WZ(Sy,l + 8y,2)) + f(WZ(O)Wz(O)) (70)

We define function

S(0x,0y) =f(wa(ex,1+0xex2)W2(gy 1 +0y8y2))
+ f(W2(3x 2~ gxgx,Z)WZ(gy,Z -0 8y,2)) (71)

for — X; <6, <1, —z—; < 0, < 1. The domains of 6,, 6,

are restricted to make wy(-) in the definition of S(6y, 6,)

meaningful. Inequation states that S(0,0) < S(1,1).

We can prove §(0,0) < S(1,1) in the following three

cases.

Casel g,p=¢,,=0.

Case2 g,p > 0,gy5 > 0. In this case, we have ,1 >
gx2>0,6y128,2>0.

Case 3 only one of £, > and &, 7 equals to 0.

It is easy to verify that $(0,0) = S(1,1) for[Case 1] In the

following, we discuss first and deal with [Case 3|

at the end of the proof.

In S(6x,0y), 0,6, are symmetric. Without loss of gen-

erality, we choose any 0 < 6,0 < 1 at the beginning.

The following proof consists of two steps. In Step 1, we

prove that for any fixed 0 < 6,0 < 1, there exists one

and only one -2 < 6,1 < 1 such that S(6,,,6,) takes

its maximum. This accomplishes aspects and in

the first iteration. In Step 2, we prove S(1,1) > §(0,0).

The key idea is finding a strictly increasing sequence

9
{S[i]} such that S[0] can be arbitrarily close to S(0, 0)
and lim S[i] = $(1.1). Step 2 will accomplish aspects
~ |KL4| in all iterations.

Step 1. At the beginning, we select any 0 < 6,9 < 1. For
brevity, we note

(72)
(73)

gx,l [0] =&x1%t Qx,ng,Z, 5x,2 [0] =&x2— 9x,0£x,2

Eyn1=8y1+0y€y0, Eyp=6y2—0y8y)

where we use &, (.)[0] to denote the variable is computed
with 6, .

Note that g, (¢) (defined in Equation (64)) is strictly in-
creasing with &. Combining the precondition .1 > &y,
we can know

8r (éx,l [0]) _ 8r (gx,l + ex,ng,Z) 8r (3x,1)

= > 74
&r(Ex2[0])  gr(&x2—0x08x2) gr(&x2) 74)
We note this condition as C7[0] as follows.
gr(&x110])
C1[0] :Z——2>1 75
BRRPRERRTO) 7°)

Now given the fixed 6, o, the derivative of S(6x,0,0y) is

dS(6,.0.6y)
ao,
_ - W2(§y,1) 1 WZ(gy,l)
—or2 (WZ(‘SX’1 oD wa(8y1) =1 wa(Ey1) wa(y) - 1)
. Wz(éy,z) 1 w2(&y,2)
o2 (WZ(gx’Z[O]) wa(&y2) — W2(5y 2) wa(&y2) — )

(W2(§x,1 [0Dw2(&y,1) =1 W2(8x 2[0Dwa(éy2) - 1)
=€y -

wa(&y1) -1 wa(&y2) -1
B w2(Ex,1[0])w2(&y,1) —W2(8x1[0])+wz(8x1[ -1
—Ev2 W2(8y,1) -
~wa(&x2[0D)wa(8y2) —waléxo [0]) +w2(éx2[0]) - 1)
W2(§y,2) -
B . w2(&x1[0]) -1
=&y2 ((Wz(Sx,l [0 + W)
- (Wz(gx,z [0]) + W)) (76)
W2(8y,2) -
The second order derivative is
d2S(x,0,6y)
de?
_=(wa(éxa[0) - 1) wa(&y,1) (£,2)?
(w2(Ey) - D wa(ay ) -1 2
_ —(wa(&x2[0]) = 1) wa(Ey2) (—(e42)%)
(w2(Ey2) ~F waldyo) -1 7
~ (w2(&xa[0]) - Dwa(8y1)(gy2)
(wa(&y1) = 1)3
_ (w2(8x200]) = Dwa(&y2) (£y,0) 77

(wa(&y0) —1)3

425 (6x,0.6y)
do?
0 for 6, < 1. Thus we get the following proposition.

Since wy(g) > 1 for € > 0, it is easy to know

Proposition 2. S(0 o, 0y) is strictly concave and has at most
one maximum for 6, < 1.



JOURNAL OF IATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

Remember that we are discussing S0 &y2 > 0.

Now letting ‘Mx—06’> =0 (i.e., Equation (76)= 0), we can
obtain
dS(6x,0.0y) PR
a6,
Wwa(8,1[0]) - 1 ) wa(Ex2[0]) — 1
wa(eealo) + L2 =L g o jop) 4 222000 2
wa(&y1) -1 wa(&y2) =1
(78)

Now, it seems that the proof is stuck because we can not
solve Equation (78) analytically. However, we succeed
to go further by analyzing Equation (78). Our analysis
starts from the following transformation in Equations
(79) ~ (83), which is hard to obtain but easy to verify.

Using the notations of helper functions g,(e) =
&), g.(e) = f7V(e) in Equations and (66), we

can rewrite Equation (78) as follows.
Equation

wa(Eea[0]) — 14+ 22 ExaOD =1

wa(éy1) -1
—waesalo) - 14 22E2OD =L )
WZ(gy,Z) -1
~ 1
©(w2(8x1[0) - 1) (1 + W)
~ 1
= (w2(éx,2[0]) = 1) (1 + W@, —1 1)
<8r (éx,l [0])g; (éy,l) =8r (éx,Z [O])g; (éy,Z)
gr(gx,l [0]) g;(éy,Z)
= 80
8 (52l0) ~ 8(y) ®0)
1
gr(éx,l [0]) _ (g;(éy,l))
“er(Eal0l) ( I )
g;,’ (éy,Z)
( gr(éy,l) )
gr(&x1[0]) _\&r (&y,1) +1
e Geal0]) ( 56,0 ) ®)
8r (gy,Z) +1
gr(gx,l [0]) _ gr(gy,l) 8r (éy,Z) +1 (82)
8r (5x,2 [0]) 8r (5)7,2) 8r (éy,l) +1
gr(gy,l) _ 8r (gx,l [0]) &r (gy,l) +1 (83)
gr(éy 2) gr(§x2[0]) gr(‘g‘y 2)+1
where Equation (81) follows from Equation (66).
Up to now, we transform the condition dS(Z"TOg) =0in

Equation (78) to Equation (83). In the followmg, Equation
will be used to investigate the property of the maxi-
mum for S(6,0,6y). The goal is to accomplish aspect [A2]
of the proof.

In the following Substep 1.1, we show that Equation
must have one and only one solution. In other
words, there must be one and only one point making
dS(Z{‘TOQ) = 0. Unfortunately, 1t is hard to get an analyt-
ical solution from Equation (78) due to the complexity
brought by Lambert W functlon Therefore, in Substep
1.2, we analyze Equations ~ to investigate the
properties of the solution. Overall, the analysis in Step 1
will be used as a basic step in Step 2.

10

Substep 1.1. According to the definition of g/ (&) in
Equation (66), g/ (&) is strictly decreasing with &. So
81(&y2) = gr(ey2 — Oyey ) is strictly increasing and
81 (&y1) = g, (&y,1 +0y&y2) is strictly decreasing with .
Thus, the right hand side of Equation is continous
and strictly increasing with 6,. Besides, according to
Equation (67) and the definition of &, 1, &, in Equation
(72) and (72), it is easy to know

8 (&y2) _ 8 (ey2 = 6y€y2)

(= - ’
0,21 g1 (Ey1) g, vl gr(ey1+0y€y2)
'y ey YT 5,

_&(eya+ey1)  gr(eya+ey1)

= =0
8r(0) +0o

(84)
lim g%(é:y,Z) _ g;/(gy,Z - eysy,Z)
0y—1 gr(gy,l) 0y—1 gy (sy,l + Hygy,Z)

— 8,-(0) - +o0 = oo

gr(gy,l +<9y,2) gr(gy,l +£y,2)
(85)

So the range of the right hand side of Equation is
(0, +00) when - 2= < 6, < 1.
Remember that We start from 0 < 6,0 < 1, combin-
ing the precondition &€,1 > &, and the definitions of
£:.1[0],&,2[0] in Equation and (72), it is easy to
know that the left hand side of Equation is a positive
constant number. Therefore, Equation must has one
and only one solution. We note such solution as 6, ;.
Combining with Proposition [2} we can know that for
any fixed 0 < 6,9 < 1, there exists one and only one
—% < 0y.1 < 1 that maximize S(6y,0, 6y).
Here note that we still have no guarantee for 6,1 > 0
currently.

Substep 1.2. We can investigate the property of the
solution 6y 1 by analyzing Equation (80), and (83).
Firstly, we can show

gr(éy,l [1]) _
gr(éy,Z[l])

gr(gy,l + gy,lgy,Z)
8r (gy,Z - Gy,lgy,Z)

>1 (86)

Assume to the Contrary that
gr(&yalll gr(&yal1)+1 gr(&yalll)
arEomn = L then eimmer = o oy Combining
condition C1[0] in Equatron (75), we can deduce

by contradiction.

gr(éx,l [0]) 8r (éy,l [1]) +1

S gr(gy,l[l])"’l S gr(éy,l [1])
gr(gx,Z (0D g~ (gy,Z[l]) +1

8r (gy,Z [1D+1 " g (éy,Z[l])
(87)

This contradicts with Equation (83). Therefore, we can
obtain the following condition C' [1].

.gr (gy,l [1])

Crlll:2 G S

>1 (88)

Secondly, according to condition C4[1], it is easy to
know

8r(&y1[1])
&r(&y2[1])

gr(&ya[1]) +1
gr(&y2[1]) +1

>1 (89)
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Now combining Equation (83) and (89), we can know the
following conditiorﬂ C>[1] holds.

. gr(&yalll) _ g-(8,1[0])
. gr(gy,Z[l]) gr(gx,Z[O])

In summary, we start from any fixed 0 < 6, o < 1 making
condition C[0] in Equation hold. Using Step 1, we
find the only one —% < 0y1 < 1 such that S(6,0,6y)
takes its maximum at 0y,1 and conditions C7[1] and
C>[1] hold.

Step 2. The deduction in Step 1 can be iterated repeat-
edly due to the symmetry of 6, and 6, in S(6y,6y).
For consistency, at the begining of the iterations, we can
choose any 6, # 6,1 as 6, o.

In the following, we use notations

C2[1]

(90)

5)(,1 [l] =&x1+ Hx,isx,2: éx,2 [l] =&Ex,2 — Hx,isx,2

éy,l [l] =&y,1 + ey,igy,Z, 5)‘,2 [l] =&y2— 0y,i£y,2 (91)

where & «[i] (k € {1,2}) is computed with 6(.) ;. Now
we fix 6,1 and make 6, vary, then we repeat Step 1
on 4,. Note that, in the second iteration the condition
C'1[1] plays the same role as condition C7[0] plays in
the first iteration. Therefore, we can find a 6, » such that
the following conditions hold

S(QX,Z’ Hy,l) > S(gx,Oa ey,l) (92)

gr(€x1(2]) _ gr(Eyal1]) g, (&x1[2]) +1

gr(éx,Z[z]) - gr(éy,Z[l ) gr(éx,Z[z]) +1

& (8,1[0]) gr(Eya[1]) +1 g, (81 [2]) +1

- 8r (éx,Z [0]) gr(éy,Z[l )+1g, (éx,Z [2]) +1

gr(&x1(2])

Gl Gy 7! o9

gr(éy,l [1])

gr(&x1(2])
gr(gx,Z[z]) gr(éy,Z[l])

where the first equation is by Equation (83). Note that,
combing conditions C71[0], C1[1], C2[1], C1[2] and
Equation (93), we know it is impossible that &,1[2] =
&,,1[0] and x> = 6, 0. So it is impossible S(6,2,0y.1) =
S(gx,Ov Hy,l)'

We can repeat Step 1 on 6, and 6, alternatively and
construct a sequence {6y ,0y1,0x2,60y3,.. .} such that
the following conditions hold.

(93)

—_— | —

C2[2] : (95)

For i € N we have

S(0x,2i42, 0y 2i41) > S(Ox2i, 0y 2i41) (96)
gr(Exa[2i+2])  gr(Eyal2i+1]) g, (8,x1[2i+2]) +1
8r (éx,Z[Zi +2]) B 8r (gy,Z [2i +1]) gr(gx,Z [2i+2])+1
[
[

& (Exa(2i]) 8r(Eya[2i +1]) + 1 g, (Exq[2i +2]) +1
- gr(éx,Z [2i]) 8r (éy,Z [2i+1])+1 gr(éx,Z 2i+2])+1
97)
. Cgr(Exa[2i+2])
C1[2i+2]: o (G2t ) >1 (98)
) Cgr(8xa[2i+2])  gr(&ya[2i+1])
Cal2i+2]: e i 2 (Byal2i +1]) ©9)

2. In this context, C2[1] is stronger than C[1]. We separate C [1]
and C2[1] away for clarity.
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Fori e NAi >0 we have

S(0x,2i,0y,2i41) > S(Ox,2i,0y,2i-1) (100)

8r(8y1[2i+1]) g, (8x1[2i]) 8+ (8y1[20+1]) +1

gr(gy,Z [Zi + 1]) - gr(éx,Z [21]) 8r (gy,Z [Zi + 1]) +1
_8r(Eyal2i-1]) gr(8x1[2i]) +1 8, (Eya[20+1]) +1
_gr(gy,Z[zi -1]) gr(gx,Z[Zi]) +1 gr(gy,2[2i +1]) +1

(101)
o gr(Eyal2i+1])
Cq [2l + 1] : m > (102)
o 8r(Eyal2i+1]) g (8xal2i])
Cal2ie s s > e ()

Now combining conditions C2[2i + 2], C2[2i + 1] and
Equations (9I), we can also obtain

Ox2i2 > Oy 2iy Oy 2143 > 0y 2511 (i € N) (104)

Up to now, we have constructed the following strictly
increasing sequences

O.[i] = 6.2 (105)

Oy [i] =0y 2i1 (106)
- &r(Exal2i])

Rl = i (107)
o &r(&yal2i+1])

Ry[i] = m (108)

for i € N. According to conditions C1[0], C1[1],---, itis
easy to know R.[i] > 1, Ry[i] > 1 for i € N. Besides, we
note

o2+l
ootz <17 Ol

& (Eyal2i+1]) +1

g (Bya[2i+1]) +1
(109)

RY[i] =

for i € N. According to Lemmafdh] it is easy to know both
Ry [i], R} [i] are strictly increasing. Importantly, we have
constructed the following strictly increasing sequence for
i €N.
S(0x,0,0y,0), i=0
S[i] = {S(0x,i-1,0y,i), i%2=1 (110)
S(Qx,i, ey,i—l)’ i%2=0Ai>0

This accomplishes aspect
Here we note that C1 [i](i > 0) plays an important role in
each iteration. When C1 [{] holds, we let the derivative of
S equal to 0. Then we get the maximum of § and make
C2[i](i = 1) hold in each iteration. Importantly, Ca[i]
guarantees R, [i] and R, [i] are strictly increasing.
In the following, we prove

llirflo R, [i] = +oo, llir& Ry[i] = 400 (111)
in order to accomplish aspect finally. Now let’s ob-
serve how R,[i] increases. Using the notations of R[]
and R}[i], we rewrite Equation (97) and get the following
relation

R [i+1] = R, [i]R;’ [IRE[i +1] (112)
This indicates that

Ry [i+1] — R, [i] = Rx[i] (R;r [IRi[i+1]-1) (113)
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Here R, [i],R;[i],R;[i] are all strictly increasing and
larger than 1. The relation in Equation indi-
cates that the difference between neighbouring ele-
ments of {R,[i]} is strictly increasing. This violates the
Cauchy’s criterion for convergence. Thus, we can con-
clude lim R,[i] = +oo. Similarly, we can also conclude

i—+00
lim Ry [i] = +co.
Now from 0, [i] < 1, we can know

8r (éx,l [2l]) _ W2(<9x,1 + gx,Zigx,Z) -1

8r (gx,Z [21]) - WZ(‘Sx,Z - 0x,2i3x,2) -1
wa(ex1+6x2) =1

wa(ex2 = Oxi€x2) — 1

The numerator of the rightmost item of Equation (114)
is a constant. From lim R,[i] = +c0, we can conclude

i—+00
lim wo(exp—60x2iex2)—1=0and lim &, -0, 2iex2 =0.
i—+00 i—+00

Thus, we obtain

Ry [i] =

(114)

lim O,[i] = lim O, =1 (115)
i—+00 i—+00

Similarly, we can also obtain
lim ®y [l] = lim 9y,2i+1 =1 (116)

i—+00 i—+00

Now combining Equations (71), (105), (106), (110), (1T5)
and (I16), we can know

lim S[i]
1—+00

=S(1,1) = f(wa(ex,1 +Ex2)Wa(Ey 1 +Ey2))
+ f(walex2 —ex2)wa(ey2 — €y2))

=f(wa(ex,1+ex2)wa(ey,1+8y2)) +1 (117)

Since S[i] is strictly increasing, we can conclude
S(0x,0,0y,0) < f(walex,1 +ex2)waley1 +6y2)) +1 (118)

Remember that, we can take any 6,9 > 0 and any 6, #
0y 1 as the start point of above iterations. This means that
Equation holds for any point (64,0, 8y,0) satisfying
6x,0 > 0 in the neighborhood of (0,0) on the 6,6, plane.
Now we can show

§(0,0) < f(wal(ex,1 +ex2)wa(ey1+6y2)+1=58(1,1)
(119)

by contradiction. Assume to the contrary that S(0,0) >
f(Wz(&‘x,l + 8x,2)W2(8y,1 + Ey,z)) + 1, due to continuity
of S(6x,0y), we can find a neighbour (6%,67) (6, > 0)
of (0,0) such that 5(9;,9;) > f(walex1 +exp)wa(ey 1 +
£y.2)) + 1. This contradicts with Inequlity (118).

Finally, we can discuss when one of &,, and
&y,2 equals 0. Without loss of generality, we suppose that
gy,2 = 0. We can discuss this in two subcases.

- Subcase 3.1: &, 1 = &y » = 0. By Lemma(Id]and Equation

(71), it is easy to know

S(1,1) =f(wa(ex,1 +&x2)w2(0)) + f(w2(0)w2(0))
=l+ex1+ex2+1

§(0,0) =f (wa(ex,1)w2(0)) + f(w2(ex,2)w2(0))
=l+ex1+1+exn

This satisfies S(0,0) < S(1,1).
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- Subcase 3.2: 5,1 > £, =0.
Here we treat S(6y,6,) as a function of three variables
x,0y, &y, as follows.
S(6x, Hy’ 8y,2)
=f(W2(8x,1 + ngx,Z)WZ(gy,l + eysy,Z))
+ f(WZ(gx,Z - axgx,Z)WZ(gy,Z - gysy,Z)) (120)

It is easy to know S(6,,6y,¢&y,2) is continuous. Note
that, we have proven §(0,0,ey2) < S(1,1,&,2) for any

gy > 0 in[Case 2] Therefore, we have
5(0,0,0)= lim $(0,0.6,) < lim S(1,1,8,.2) = $(1,1,0)
&y 27!

&y 2
(121)
50 §(0,0) < S(1,1) for ey1 > &, =0.
This concludes the proof of Lemma|7}
|

Up to now, we have resolved the 2-dimensional case of
the core of the proof. To extend to high-dimensional case,
we need the following Lemma

Lemma 8. (See [21]) For any two Hermition positive
semidefinite n X n-matrices A, B

n
Tr(AB) < Z/lA,[i]/lB,[i]
=1

(122)

where A4 [i1,Ap,[;] are the eigenvalues of A, B arranged
in decreasing order, respectively.

Now we present our theorem on the relaxed triangle
inequality of KL divergences between Gaussians. Firstly, we
deal with the case when one of the Gaussians is standard
Gaussian. Then, we generalize the conclusion to general
case.

Lemma 9. For any two n-dimensional Gaussian
distributionss N (u1,X1) and N(p2,X2) such that
KL(N(p1, Z)IIN(0,1)) < &1, KLIN(0, DIIN(p2, E2)) <
& (e1,82 2 0) , then

KL((N(p1, Z1)|IN (p2, E2)) (123)

1
<er+éey+ z (W1(—6_(1+261))W1(—6_(1+262))

+ W (—e(19260) L W (—e(1922)) 4 1

2

/ 2e

_ _,—(1+2&) 2
W_l( e )( 2e1 + T (2o 0(_6(1+2£2))) )

Proof 10. In the proofs of Lemma [2] (and Lemma [10]in Ap-
pendix), we construct equivalent optimization problems
by introducing new variables in the constraints. Unfortu-
nately, in the proof of Lemma [9, we cannot use the same
step. Otherwise, the bound would be too complicated to
resolve. To obtain a bound independent of the dimension
n, we need to relax the constraint in the beginning.

Our aim is to find an upper bound of
KL((N(p1, ZDIIN(p2,X2))  under the constraints
KL(N(p1,Z1)|IN(0,1)) < &1, KLIN (0, DN (p2, X2)) <
&. In the following, we first relax the constraints and
then find an upper bound under the relaxed constraints.



JOURNAL OF IATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

According to the definition of KL divergence, we have

KL((N (p1, ZDIIN (p2, X2))

1
=3 log % +Tr(25'21) + (2 — 1) 25" (2 — 1) — n
In the following two steps, we first find an upper bound
for the first two items, then we find an upper bound for
the rest items.
Step 1. According to Lemma 8} we have

log M +Tr(Z5 )

1]
Ty y 1 121l
=Tr(23'X) —log —— |

=Tr(Z5'E1) - log(IZ5'1Z1])

n
=Tr(Z;'%y) - log 1_[ A1,id"2
i=1

n n
< 21 1,151 2,14 — log 1_1[ 1,112, 14)
i= i=

n
=Z/11,[i]/1'2,[i] —log 41,1112, 1] (124)
i

where 11 ;,1'2,; are the eigenvalues of £, X' arranged in
decreasing order, respectively. In the following, we find
an upper bound for Equation (124).

By the definition of KL divergence, the constraint
KL(N(p1,Z1)[IN(0,1)) < &1 is equal to

—log |Zq| + Tr(X1) + p{ 1 —n < 21 (125)

Combining Lemma [Th} Equation 29) and (32), we relax
the constraint in Inquality (125) as follows.

—log [Z1|+ Tr(E1) = ) Ay —logdy; <n+2e  (126)
i=1
i pr <281 (127)

where A1; are the eigenvalues of X;. For simplicity, we
modify the constraint in Inquality (126)) to the following
constraint.

—log |Zq| + Tr(Ey) = Z Ay —logly;=n+2e  (128)
i=1

In the following, we find the upper bound for Equation
(124 under constraints (128). Then we will see that
the upper bound is increasing with &1. So there is no
difference between constraints and (128).
Form the perspective of optimization, the constraint in
Inequality can be replaced by the following con-

straints
A, — IOg/ll’[ =1+ &1,i (1<i<n (129)
Neri 208 ) e =2e (130)
i=1 i=1
Similarly, the constraint KL(N (0, I)[|N (p2,X2)) < &3 is
equal to
log |Zo| + Tr(Z;") + g B3 o — 1 < 2e (131)
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which implies the following constraints

log [Za] + Tr(23") = > Ao —log'a; <n+2ep  (132)
i=1
Xy o <267 (133)

where 1’5 are the eigenvalues of ;. We also modify
the constraint in Inequality (132) to the following con-
straint which does not affect the upper bound.

log [Za] + Tr(23") = > A'a; —logA'a; =n+2e; (134)
i=1
Furthermore, constraint (134) can be replaced by the
following constraints.

Aai—loglyi=1+e; (1<i<n) (135)
N\e2i =00 ) & =28 (136)
i=1 i=1

In the following, we find an upper bound of Equation

(T24) under constraints , and (136).

Applying Lemma [ to Equat1on w1th conditions
1129) and (135)), we can obtain

2/11 [l]/l 2,[ —IOg/ll /l 2,[i
i=1

1< Fwalerwa(eni)
- (137)

where &1,;; and &; ;] are also arranged in decreasing
order.

Now we apply Lemma [/| to the right hand side of
Inequality repeatedly on the first two dimensions
as follows. Here we use notations Eq x = Zl]le e1,1i]> E2.x =
Y &4 for brevity.

|Z2| 1
log == | +Tr(25'X1)

< Zis A Az i) — log v i A2, 1)
<2y fwalerip)wa(eziy))
=f(waler,1)wa(ez,(17)) + f (waler, 2pwa(e,12)))
+ Xis fwaler ipwa (e, i)
<f(waler, 1) + &1, 2))w2(e2,11) +&2,21)) +1
+ s fwa(eriwa (e, i)
=f(w2(E12)w2(E22)) + f(wa(e1,[3
+ 20, fwa(eri)wa(e, i) +1
<fwa(Er2 +e1,3)wa(E22 + &2,13))) +1
+ 20, fwa(er i)wa(e, i) +1
=f(w2(E13)w2(E23)) + Xy f(waler,ipwale, (i)
+2

Dwa(&2,131))

<f(wa(E1,n)w2(Ezp)) +n -1

=f(wa(Xl e, iPw2 (Xl e2,17)) +n—1

=f(w2(2e1)w2(2e2)) +n—1

2281 + 282 +2+ W2(281)W2(282) - W2(281)
—wy(2ex)+n-1

=2e1 +2ep + wa(2e1)w2(282) — wp(2e1) — wa(2&3)
+n+1 (138)

Qby
)by @7

Q Lemmal7]

Q Lemmal7]

Q Lemma [T]]
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The bound in Equation (138) is increasing with &1 and
&>. Therefore, the constraints and can be
modified back to and (132), respectively .

Step 2. from Equation (127), we know

1] < v2&

where | - | denotes the L, norm of vector. From Inequlity
(133), we also know A5 pu) po < uzT)Zgluz < 2&5, where
A}, is the minimum eigenvalue of X;'. Now combining
the condition and Lemma [Tg} we get

(139)

2&n 2&o 2&7
< = <
7, S e |2

Combining Inequalities (139), (140) and using the trian-
gle inequality for norms of vectors, we have

13 < (140)

w1(2&2)

282

w1(2&2)

Again, we have (p — p11) "2 (2 — p1) < Vslpo — pal?,
where 1’5 is the maximum eigenvalue of X;!. From
Lemma [T and condition (132), we know 1’5 < w»(2&).
Thus, we can conclude that

281 +

|2 = pa| < [zl + [p] < (141)

(2 — ) TE (p2 — p1) <wa(2e2)|po — pal?

AY 281 +

2
2&n

w1(262)
(142)

Finally, combining Inequalities (138) and (142), we can
conclude that

KL((N(p1, ZDIIN (p2, X2))

<wz(2e2)

<% (281 + 282 + W2(281)W2(282) - W2(281) - W2(2£2)

2
282 —n
w1(2&2) ) )

1
=e1+e2+ 5 (W.l(—e_(1+281>)W_1(—e_(1+2‘92))

+n+1+ W2(282)( 2&1 +

+ W_l(_e—(1+281)) + W4 (_e—(1+282)) +1

2
/ 2¢e
W (—e~(1H222) S
,1( e )( 2e1 + — 0(—6_(1+2‘92)))) (143)

O

Remark 3. The bound in Equation has the following
properties.

1) The bound becomes 0 when &1 = & = 0.

2) When both &; and &, are small, all the items in the
bound are small and hence the bound is small.

3) The bound is independent of the dimension n because
we have eliminated the impact of dimension n by
Lemma [7] This is the most tricky part in this proof.

4) When ¢; is large, the bound is mostly dominated by the
last item in the branket.

5) In fact, we can distribute 2 into two parts in Equation
and (127). However, this will lead to a complicated
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expression which is very hard to solve a supremum as
like what we do on Equation {@0). Numerical experi-
ments show that the supremum varies with how 2¢g;
(2&7) are allocated into two parts in the left hand sides
of Equation and ((132) and (133)). Therefore,
in constraints (126), (127), (I32), and (133), we relax

the conditions and get an relaxed upper bound with
a simpler form in Inequality (143).

Proof of Theorem [4

Proof 11. Theorem [ extends Lemma [ to three general
Gaussians. We can use linear invertible transformation to
convert one Gaussian into standard Gaussian and then
apply Lemma 9] Please see Appendix [H]for details.

O

In Theorem [4, we try to find an upper bound as tight as
possible. So the bound seems a little complicated. We can
expand Lambert W function by series [18], [20] and simplify
the bound as follows [15]] El

Theorem 5. For any three n-dimensional
Gaussians N(pi, X)) (i € {1,2,3}) such
that  KL(N(p1, Z1)|IN (p2, Z2)) < &1 and

KL(N (2, Z2)|IN(p3,X3)) < & for small &1,e0 > 0,
then

KL(N (p1, Z1)|IN (3, E3))

<3e1 + 32+ 2\/e180 + 0(81) + 0(&2) (144)
Proof 12. See Appendix [I| for the details of the proof.
o

Finally, in the proof of Theorem [4} we use invertible lin-
ear transformation to convert N, to standard Gaussian with
preserving KL divergence. This still holds when N (g2, X5)
is fixed. So we get the the following corollary.

Corollary 2. Theorem [d]and [f|hold when N (2, X») is fixed.

Remark 4. Comparison with existing general Pythagoras
inequalities
It is known that KL divergence satisfies some general
Pythagoras inequalities which seem similar to our re-
laxed triangle inequality. We note that they are different
in the follows.
The bound in our relaxed triangle inequality is indepen-
dent of the parameters of Gaussians and only related
to &1 and &;. Our theorem is different from the several
existing generalized Pythagoras inequalities satisfied by
KL divergence, where the bounds are functions of the
given distributions. We list them as follows.

1) The generalized Pythagoras inequality for KL diver-
gence [4], [11] states that for a convex set of distri-
butions P, any distribution Q not in P, and D, =
infpep KL(P]|Q), there exists a distribution P* such that

KL(P||Q) = KL(P||P*) + D, forall Pe®

2) Erven et al. generalize the Pythagoras inequality for
KL divergence to Rényi divergence which includes KL
divergence with order 1. See [11] for details.

3. After we post our last version of manuscript on Arxiv [16], Liu et
al. cited our manuscript in their work [15] in which they simplify the
bound in TheoremE]by using series in simpler case €1 = &;.
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3) Functional Bregman divergence also satisfies a gen-
eralized Pythagoras theorem [10]. Let (R?,Q,v) be a
measure space, where d is a positive integer and v is
a Borel measure. Let A be a convex subset of L?(v).
For any f,g,h € A, functional Bregman divergence d
satisfies

dlf.hl =dglf.gl+dglg. hl+60g; f -8l —06¢[h; f -g]

(145)
where ¢ : LP(v) — R is a strictly convex, twice-
continuously Fréchet-differentiable functional. §¢[g; -]
is the Fréchet derivative of ¢ at g. KL divergence is a
special form of functional Bregman divergence when
¢ = / p(x)log p(x) dx whose Fréchet derivative at g is
0plg;t] = f(logg(x) + 1)z(x) dx. Plugging ¢ and §¢ into
Equation (145), we get

KL(fln)
=KL(fllg) + KL(g||h) + / (log g(x) + 1)(f(x) — g(x)) dx

- / (log h(x) + 1)(f(x) - g(x) dx

—KL(fllg) + / () log &Y gy (146)

h(x)
All the bounds in the above inequalities are dependent
on the parameters of the given distributions.

In our theorem, we allow all parameters are unknown or
one Gaussian is fixed. Therefore, our theorems are suitable
for contexts where the re can vary. This is common in deep
learning where the parameters are learned by the model.
Therefore, it is impossible to identify the parameters or the
KL divergence before the model is trained. In some cases,
we only know that some bound is guaranteed. In the next
section, we discuss the applications of our theorems in deep
learning.

5 APPLICATIONS
5.1 Anomaly Detection with Flow-based Model

The research question in this paper comes from our re-
search on deep anomaly detection using flow-based model
[12], [13], [14], [22]. Flow-based model constructs diffeo-
morphism between data space to latent space. Compared
with other generative models such as generative adversarial
networks, flow-based model has the advantage of providing
explicit likelihood pg(x) to input x, where 6 refer to model
parameters. Usually, flow-based model is trained by max-
imum likelihood estimate with Gaussian prior. Intuitively,
it is natural to believe that samples from the training (in-
distribution, ID in short) dataset should have higher likeli-
hoods than out-of-distribution (OOD) data (i.e., anomalies).
However, Nalisnick ef al. reveal that deep generative models
including flow-based models may assign higher likelihoods
to OOD data [23]. For example, Glow [14] assigns higher
likelihoods for SVHN when trained on CIFAR-10. This ob-
servation is also verified by many other researchers includ-
ing ourselves [24], [25], [26]], [27]], [28]. This brings obstacles
to anomaly detection in flow-based model according to
model likelihood [27], [28]. However, we can not sample
these OOD data from the model although they may have
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higher likelihoods than training data. Nalisnick et al. explain
this phenomenon by the discrepancy of typical set and high
probability density regions of model distribution [27]. This
can explain why we can not sample OOD data that have
higher likelihoods than ID data. But their explanation fails
when OOD data has coinciding likelihoods with ID data.
Before our analysis, this counterintuitive phenomenon has
not been satisfactorily explained.

In this context, we want to explain why we can not
sample OOD data from flow-based model with prior regardless
of when OOD data have higher, lower, or coinciding likelihoods.
We investigate this problem from a statistical divergence
perspective. Let z = f(x) be the flow-based model which
maps data x in data space to z in latent space. Assume
that the prior distribution p’, is the most commonly used
Gaussian distribution. Suppose that X; ~ px(x), Xo ~ gx(x)
represent distributions of ID and OOD datasets, respec-
tively. We note Z1 = f(X1) ~ pz(2), Z2 = f(X2) ~ qz(2)
to represent the distributions of representations of ID and
OOD datasets, respectively. We also note the model induced
distribution p% such that Z, ~ p’, and X, = Yz ~ Py
Flow-based model is usually trained by maximum like-
lihood estimation. This is equal to minimizing forward
KL divergence KL(px|lp%) [3], [29]. In our experiments,
we conduct generalized Shapiro-Wilk test for multivariate
normality. Results demonstrate that p; is Gaussian-like for
all datasets. Surprisingly, gz is also Gaussian-like for OOD
datasets with higher or coinciding likelihoods except for just
one case. These results allow us to approximate pz and ¢z
with Gaussians. Note that, it seems that the normality of
represetations of ID and OOD dataset is a characteristic of
flow-based model. We did not get similar observations in
variational autoencoders.

The theorems proved in this paper can help us to analyze
the KL divergences between pz, p’,, and gz. On one hand,
according to Proposition |1, we can know KL(px|lpy) =
KL(pzI|p%,), so KL(pzl|p’,) is trained to be small. By The-
orem (I, we can know KL(p’,||pz) is small too. So we can
assume p', ~ pz when KL(pz||p’,) is sufficiently small. On
the other hand, we can also assume that the distributions
of ID and OOD data are far from each other. This implies
that KL(px|lgx) = KL(pzllgz) can be any large. By the
relaxed triangle inequality, we can infer that KL(p|lqz)
must be large. This answers the question why we can not
sample OOD data from flow-based model with prior. Fur-
thermore, we decompose the large divergence KL(qz||p’,)
into dimensional-wise KL divergence and total correlation
(generalized mutual information) measuring the mutual
dependence between dimensions. We demonstrate that the
representations of OOD data are more correlated than that
of ID data. From a geometric perspective, strong correlation
indicates that the representations of OOD data locate in
specific directions. In high dimensional space, it is hard
to sample data residing in specific directions from prior.
This gives the second explanation to the above question.
Based on the theoretical analysis and further observation
on the local pixel dependence in the representation of
OOD dataset, we propose a KL divergence-based anomaly
detection algorithm. Experimental results have shown the
effectiveness of our method. More details of the application
of our theorems in deep anomaly detection research can
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be referred to in our manuscript [30], which is submitted
independently.

Importantly, flow-based model constructs diffeomor-
phism between data space to latent space with thousands
of dimensions. It is important that the bounds found in
this paper are independent of the dimension. Furthermore,
since both pz and gz are dependent on model parameters
and gz is also dependent on the input OOD dataset, it is
impossible to determine the parameters of pz and gz in
advance. Our theorems do not dependent on the parameters
of distributions and only requires some bound is restricted.
This is why we need to prove the theorems in this paper
rather than using existing theorems.

5.2 Safety Guarantee in Reinforcement Learning

The theorems proved in this paper can also be used as
general conclusions in related fields. Since we post the last
version of this manuscript on Arxiv [16], our manuscript
has been cited by other researchers. For example, the re-
laxed triangle inequality (Theorem [4) has been used in
the research of constrained variational policy optimization
for safe reinforcement learning [15]. In their work, Liu et
al. propose an Expectation-Maximization style approach
for learning safe policy in reinforcement learning. After
achieving one-step robutness guarantee, a natural question
is extending to multiple steps policy updating robustness
guarantee. This requires triangle inequality for consecutive
updated policies. It is known that KL divergence does not
has such property in general case. However, multivariate
Gaussian is commonly used as policy in continuous action
space tasks. In such context, our relaxed triangle inequality
(Theoremd) is used to extend one-step robustness guarantee
to multiple steps. Particularly, Liu et al. use big-O to simplify
the bound in Theorem [ in case &; = &; . Please see [15] for
more details about the application.

6 RELATED WORK

KL divergence is an important divergence and has a wide
range of applications [2], [3]], [4l, 5], [31], [32], [33]. Re-
searchers have investigated KL divergence between many
distributions including Markov sources [34], GMM models
[35], [36], multivariate generalized Gaussians [37], univari-
ate mixtures [38], discrete normal distributions [39], efc.
In [5], a bound of KL divergence between Gaussians is
given. As we discussed in Remark [4 existing generalized
Pythagorean inequality satisfied by KL divergence are all
dependent on the parameters of distributions [4], [11]. As
far as we know, there is no related work that focuses on the
similar properties of KL divergence between Gaussians as
this paper.

KL divergence is one member of more general diver-
gences such as Bregman divergence [7]], [9], [10], [40], f-
divergence [5], [6], [41], Rényi divergence [5], [8], [11], and
recently proposed (f,I')-divergence [42]. Bregman diver-
gence defines a class of divergences [9] in vector space. KL
divergence between multinomial distributions is a special
form of Bregman divergence when the convex function for
Bregman divergence is chosen as 3.} ; p; log p;, where p; > 0
for i = 1,...,n define a multinomial distribution. Frigyik
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et. al. [10] extends vector Bregman divergence to functional
Bregman divergence in L. Similarly, KL divergence is a
special form of functional Bregman divergene. (functional)
Bregman divergence also satisfies generalized Pythagoras
theorem [9], [10]. We note that our relaxed triangle inequal-
ity has a different meaning in Remark {4}

f-divergence also defines a class of divergences based on
convex functions [5], [6], [43], [44]. Many commonly used
measures including the KL divergence, Jensen-Shannon di-
vergence, and squared Hellinger distance are special cases
of f-divergence. Many f-divergences are not proper dis-
tance metrics and do not satisfy the triangle inequality.
KL divergence is the unique divergence belong to both f-
divergence and Bregman divergence [45].

Rényi divergence defines another class of divergences
[51, [8], [11]], [46]. Rényi divergence with order of 1 becomes
KL divergence. As discussed in Remark [ Rényi divergence
also satisfies a generalized Pythogras theorem [11].

KL divergence between general distributions does not
have a closed form. In application, it is not easy to esti-
mate KL divergence when only samples of distributions are
available especially in high dimensional problems. A line of
research is dedicated to the estimation of divergences [47],
[48], (491, [501, [51], [52]], [53], [54], [55], [56], [57], [58]. Unlike
other distributions, the KL divergence between Gaussians
has a closed form. The theorems presented in this paper
can deepen our understanding of KL divergence between
Gaussians.

The asymmetry of KL divergence has restricted the ap-
plication of KL divergence in practical applications. Many
other divergences have been investigated [9]], [59], [60], [61],
[62], [63], [64], [65], [66], [67]. Pardo gives a comprehensive
survey on a wide range of statistical divergences in his book
[5].

7 CONCLUSION

In this paper, we research the properties of KL divergences
between Gaussians. First, we find the supremum of reverse
KL divergence KL(N2||Np) if the forward KL divergence
KL(M|IN2) < € (¢ > 0). This conclusion quantifies the
approximate symmetry of small KL divergence between
Gaussians. We also find the infimum of KL(MN>||AN;) if
KL(MIIN2) = M (M > 0). We give the conditions when the
supremum and infimum can be attained. Second, we find a
bound for KL(N1||N3) when KL(Ni||Nz) and KL(N2||N3)
are bounded. This indicates that KL divergence between
Gaussians follows a relaxed triangle inequality. Importantly,
all the bounds in the theorems in this paper are inde-
pendent of the dimension of distributions. The theorems
presented in this paper is suitable especially for contexts
where parameters may vary or can not be identified in
advance (e.g., machine learning). Finally, we discuss the
applications of our theorems in deep anomaly detection and
safe reinforcement learning. We hope our research can shed
light on more research in related field. In the future, we plan
to explore the properties of KL divergence between more
general distributions such as Gaussian mixture models and
exponential family of distributions.



JOURNAL OF IATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

ACKNOWLEDGMENTS

This work is supported by NSFC Program (No. 62002107,
62172429, 61872371).

REFERENCES

(1]
(2]
(3]
(4]
(5]
(6]

(71

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

(19]

[20]

[21]

[22]

[23]

S. Kullback, Information theory and statistics. Courier Corporation,
1997.

C. M. Bishop, Pattern Recognition and Machine Learning (Information
Science and Statistics). Berlin, Heidelberg: Springer-Verlag, 2006.
I. Goodfellow, Y. Bengio, A. Courville, and Y. Bengio, Deep learning.
MIT press Cambridge, 2016, vol. 1, no. 2.

T. M. Cover and J. A. Thomas, Elements of information theory. John
Wiley & Sons, 2012.

L. Pardo, Statistical inference based on divergence measures.
press, 2018.

S. M. Ali and S. D. Silvey, “A general class of coefficients of
divergence of one distribution from another,” Journal of the Royal
Statistical Society: Series B (Methodological), vol. 28, no. 1, pp. 131-
142, 1966.

L. M. Bregman, “The relaxation method of finding the common
point of convex sets and its application to the solution of problems
in convex programming,” USSR computational mathematics and
mathematical physics, vol. 7, no. 3, pp. 200-217, 1967.

A. Rényi, “On measures of entropy and information,” in Pro-
ceedings of the Fourth Berkeley Symposium on Mathematical Statistics
and Probability, Volume 1: Contributions to the Theory of Statistics.
University of California Press, 1961, pp. 547-561.

A. Banerjee, S. Merugu, 1. S. Dhillon, and ]. Ghosh, “Clustering
with Bregman divergences,” Journal of Machine Learning Research,
vol. 6, no. 58, pp. 1705-1749, 2005. [Online]. Available:
http:/ /jmlr.org/papers/v6/banerjee05b.html

B. A. Frigyik, S. Srivastava, and M. R. Gupta, “Functional Bregman
divergence,” in 2008 IEEE International Symposium on Information
Theory, 2008, pp. 1681-1685.

T. van Erven and P. Harremos, “Rényi divergence and Kullback-
Leibler divergence,” IEEE Transactions on Information Theory,
vol. 60, no. 7, pp. 3797-3820, 2014.

L. Dinh, D. Krueger, and Y. Bengio, “NICE: Non-linear indepen-
dent components estimation,” arXiv preprint arXiv:1410.8516, 2014.
L. Dinh, J. Sohl-Dickstein, and S. Bengio, “Density estimation
using real nvp,” in Proceedings of the International Conference on
Learning Representations (ICLR), 2017.

D. P. Kingma and P. Dhariwal, “Glow: Generative flow with
invertible 1x1 convolutions,” in Advances in Neural Information
Processing Systems, 2018, pp. 10215-10224.

Z. Liu, Z. Cen, V. Isenbaev, W. Liu, Z. S. Wu, B. Li, and D. Zhao,
“Constrained variational policy optimization for safe reinforce-
ment learning,” in The 5th Multidisciplinary Conference on Reinforce-
ment Learning and Decision Making (RLDM), 2022.

Y. Zhang, W. Liu, Z. Chen, J. Wang, and K. Li, “On the properties
of kullback-leibler divergence between gaussians,” 2021. [Online].
Available: https:/ /arxiv.org/abs/2102.05485

J. H. Lambert, “Observationes variae in mathesin puram,” Acta
Helveticae physico-mathematico-anatomico-botanico-medica, Band III,
pp. 128-168, 1758.

R. M. Corless, G. H. Gonnet, D. E. Hare, D. J. Jeffrey, and D. E.
Knuth, “On the Lambert W function,” Advances in Computational
mathematics, vol. 5, no. 1, pp. 329-359, 1996.

F. Nielsen, “An elementary introduction to information geometry,”
Entropy, vol. 22, no. 10, 2020. [Online]. Available: https:
/ /www.mdpi.com/1099-4300/22/10/1100

L. Farmer, “The princeton companion to applied mathematics,”
Reference Reviews, vol. 30, no. 5, pp. 34-35, 2016.

J. B. Lasserre, “A trace inequality for matrix product,” IEEE
Transactions on Automatic Control, vol. 40, no. 8, pp. 1500-1501,
1995.

I. Kobyzev, S. J. Prince, and M. A. Brubaker, “Normalizing flows:
An introduction and review of current methods,” IEEE Transac-
tions on Pattern Analysis and Machine Intelligence, vol. 43, no. 11,
pp- 3964-3979, 2021.

E. Nalisnick, A. Matsukawa, Y. W. Teh, D. Gorur, and B. Laksh-
minarayanan, “Do deep generative models know what they don’t
know?” International Conference on Learning Representations (ICLR),
2019.

CRC

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

(32]

(33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

(41]

[42]

[43]

(44]

[45]

17

A. Shafaei, M. Schmidt, and ]. J. Little, “Does your model know the
digit 6 is not a cat? a less biased evaluation of” outlier” detectors,”
arXiv preprint arXiv:1809.04729, 2018.

H. Choi and E. Jang, “WAIC, but why?: Generative ensembles for
robust anomaly detection,” arXiv preprint arXiv:1810.01392, 2018.
V. Skvéra, T. Pevny, and V. Smidl, “Are generative deep models for
novelty detection truly better?” KDD Workshop on Outlier Detection
De-Constructed (ODD v5.0), 2018.

E. Nalisnick, A. Matsukawa, Y. W. Teh, and B. Lakshminarayanan,
“Detecting out-of-distribution inputs to deep generative models
using typicality,” 4th workshop on Bayesian Deep Learning (NeurIPS
2019), 2019.

P. Kirichenko, P. Izmailov, and A. G. Wilson, “Why normalizing
flows fail to detect out-of-distribution data,” ICML workshop on
Invertible Neural Networks and Normalizing Flows, 2020 (NeurIPS
2020), 2020.

G. Papamakarios, E. Nalisnick, D. J. Rezende, S. Mohamed, and
B. Lakshminarayanan, “Normalizing flows for probabilistic mod-
eling and inference,” 2019.

Y. Zhang, W. Liu, Z. Chen, ]J. Wang, Z. Liu, K. Li, and
H. Wei, “Towards out-of-distribution detection with divergence
guarantee in deep generative models,” 2021. [Online]. Available:
https:/ /arxiv.org/abs/2002.03328v4

S. Filippi, O. Cappé, and A. Garivier, “Optimism in reinforce-
ment learning and kullback-leibler divergence,” in 2010 48th An-
nual Allerton Conference on Communication, Control, and Computing
(Allerton), 2010, pp. 115-122.

P. Guan, M. Raginsky, and R. M. Willett, “Online Markov decision
processes with Kullback-Leibler control cost,” IEEE Transactions
on Automatic Control, vol. 59, no. 6, pp. 1423-1438, 2014.

R. Agrawal, Y.-H. Chen, T. Horel, and S. Vadhan, “Unifying
Computational Entropies via Kullback-Leibler Divergence,” in
Advances in Cryptology — CRYPTO 2019, A. Boldyreva and D. Mic-
ciancio, Eds. Cham: Springer International Publishing, 2019, pp.
831-858.

Z. Rached, E. Alajaji, and L. L. Campbell, “The Kullback-Leibler
divergence rate between markov sources,” IEEE Transactions on
Information Theory, vol. 50, no. 5, pp. 917-921, 2004.

J. . Durrieu, J. . Thiran, and F. Kelly, “Lower and upper bounds
for approximation of the Kullback-Leibler divergence between
gaussian mixture models,” in 2012 IEEE International Conference
on Acoustics, Speech and Signal Processing (ICASSP), 2012, pp. 4833—
4836.

J. R. Hershey and P. A. Olsen, “Approximating the Kullback-
Leibler divergence between gaussian mixture models,” in 2007
IEEE International Conference on Acoustics, Speech and Signal
Processing-ICASSP’07, vol. 4. 1EEE, 2007, pp. IV-317.

N. Bouhlel and A. Dziri, “Kullback-Leibler divergence between
multivariate generalized gaussian distributions,” IEEE Signal Pro-
cessing Letters, vol. 26, no. 7, pp. 1021-1025, 2019.

F. Nielsen and K. Sun, “Guaranteed bounds on the Kullback-
Leibler divergence of univariate mixtures,” IEEE Signal Processing
Letters, vol. 23, no. 11, pp. 1543-1546, 2016.

F. Nielsen, “On the Kullback-Leibler divergence between discrete
normal distributions,” arXiv preprint arXiv:2109.14920, 2021.

W. Stummer and I Vajda, “On Bregman distances and
divergences of probability measures,” IEEE Trans. Inf. Theor.,
vol. 58, no. 3, p. 1277-1288, mar 2012. [Online]. Available:
https://doi.org/10.1109/TIT.2011.2178139

R. Agrawal and T. Horel, “Optimal bounds between f-divergences
and integral probability metrics,” Journal of Machine Learning
Research, vol. 22, no. 128, pp. 1-59, 2021. [Online]. Available:
http:/ /jmlr.org/papers/v22/20-867.html

J. Birrell, P. Dupuis, M. A. Katsoulakis, Y. Pantazis, and L. Rey-
Bellet, “(f, I')-divergences: Interpolating between f -divergences
and integral probability metrics,” Journal of Machine Learning
Research, vol. 23, no. 39, pp. 1-70, 2022. [Online]. Available:
http:/ /jmlr.org/papers/v23/21-0100.html

F. Liese and I. Vajda, “On divergences and informations in statis-
tics and information theory,” IEEE Transactions on Information
Theory, vol. 52, no. 10, pp. 4394-4412, 2006.

I. Sason and S. Verdd, “ f -divergence inequalities,” IEEE Transac-
tions on Information Theory, vol. 62, no. 11, pp. 5973-6006, 2016.
S.-I. Amari, “a-divergence is unique, belonging to both f-
divergence and Bregman divergence classes,” IEEE Transactions on
Information Theory, vol. 55, no. 11, pp. 4925-4931, 2009.


http://jmlr.org/papers/v6/banerjee05b.html
https://arxiv.org/abs/2102.05485
https://www.mdpi.com/1099-4300/22/10/1100
https://www.mdpi.com/1099-4300/22/10/1100
https://arxiv.org/abs/2002.03328v4
https://doi.org/10.1109/TIT.2011.2178139
http://jmlr.org/papers/v22/20-867.html
http://jmlr.org/papers/v23/21-0100.html

JOURNAL OF IATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

[46]

[47]

(48]

[49]

[50]

[51]

[52]

(53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

S. G. Bobkov, G. Chistyakov, and F. Gotze, “Rényi divergence and
the central limit theorem,” The Annals of Probability, vol. 47, no. 1,
pp. 270-323, 2019.

H. Cai, S. Kulkarni, and S. Verdu, “Universal divergence estima-
tion for finite-alphabet sources,” IEEE Transactions on Information
Theory, vol. 52, no. 8, pp. 3456-3475, 2006.

Q. Wang, S. R. Kulkarni, and S. Verdu, “Divergence estimation
for multidimensional densities via k-nearest-neighbor distances,”
IEEE Transactions on Information Theory, vol. 55, no. 5, pp. 2392-
2405, 2009.

X. Nguyen, M. ]J. Wainwright, and M. 1. Jordan, “Estimating
divergence functionals and the likelihood ratio by convex risk
minimization,” IEEE Trans. Inf. Theor., vol. 56, no. 11, p. 5847-5861,
Nov. 2010.

T. Kanamori, T. Suzuki, and M. Sugiyama, “f -divergence esti-
mation and two-sample homogeneity test under semiparametric
density-ratio models,” IEEE Transactions on Information Theory,
vol. 58, no. 2, pp. 708-720, 2012.

M. Gil, E. Alajaji, and T. Linder, “Rényi divergence measures for
commonly used univariate continuous distributions,” Information
Sciences, vol. 249, pp. 124-131, 2013.

K. R. Moon and A. O. Hero, “Ensemble estimation of multivariate
f-divergence,” in 2014 IEEE International Symposium on Information
Theory, 2014, pp. 356-360.

K. Moon and A. Hero, “Multivariate f-divergence estimation
with confidence,” in Advances in Neural Information Processing
Systems, Z. Ghahramani, M. Welling, C. Cortes, N. Lawrence, and
K. Q. Weinberger, Eds., vol. 27. Curran Associates, Inc., 2014.
[Online]. Available: https://proceedings.neurips.cc/paper/2014/
file /£4573£c71c731d5c362f0d7860945b88-Paper.pdf

Y. Bu, S. Zou, Y. Liang, and V. V. Veeravalli, “Estimation of KL di-
vergence: Optimal minimax rate,” IEEE Transactions on Information
Theory, vol. 64, no. 4, pp. 2648-2674, 2018.

P. K. Rubenstein, O. Bousquet, J. Djolonga, C. Riquelme, and I. O.
Tolstikhin, “Practical and consistent estimation of f-divergences.”
Annual Conference on Neural Information Processing Systems, vol.
abs/1905.11112, pp. 40724082, 2019.

P. Zhao and L. Lai, “Minimax optimal estimation of KL divergence
for continuous distributions,” IEEE Transactions on Information
Theory, vol. 66, no. 12, pp. 7787-7811, 2020.

F. Nielsen, “Fast Approximations of the Jeffreys Divergence
between Univariate Gaussian Mixtures via Mixture Conversions
to Exponential-Polynomial Distributions,” Entropy, vol. 23, no. 11,
2021. [Online]. Available: https://www.mdpi.com/1099-4300/
23/11/1417

S. Sreekumar and Z. Goldfeld, “Neural estimation of statistical
divergences,” Journal of Machine Learning Research, vol. 23, no. 126,
pp. 1-75, 2022. [Online]. Available: http://jmlr.org/papers/v23/
21-1212.html

Z. Rached, F. Alajaji, and L. L. Campbell, “Rényi’s divergence and
entropy rates for finite alphabet markov sources,” IEEE Transac-
tions on Information theory, vol. 47, no. 4, pp. 1553-1561, 2001.

J. V. Davis, B. Kulis, P. Jain, S. Sra, and I. S. Dhillon, “Information-
theoretic metric learning,” in Proceedings of the 24th international
conference on Machine learning, 2007, pp. 209-216.

K. T. Abou-Moustafa and F. P. Ferrie, “A note on metric proper-
ties for some divergence measures: The gaussian case,” in Asian
Conference on Machine Learning. PMLR, 2012, pp. 1-15.

S. Nowozin, B. Cseke, and R. Tomioka, “f-GAN: Training
generative neural samplers using variational divergence
minimization,” in Advances in Neural Information Processing
Systems, D. Lee, M. Sugiyama, U. Luxburg, I. Guyon, and
R. Garnett, Eds., vol. 29. Curran Associates, Inc., 2016.
[Online]. Available: https://proceedings.neurips.cc/paper/2016/
file /cedebb6e872{539bef8c3f919874€9d7-Paper.pdf

I. Gulrajani, F. Ahmed, M. Arjovsky, V. Dumoulin, and
A. Courville, “Improved training of Wasserstein GANs,” in Pro-
ceedings of the 31st International Conference on Neural Information
Processing Systems, ser. NIPS’17.  Red Hook, NY, USA: Curran
Associates Inc., 2017, p. 5769-5779.

P. Donnat, G. Marti, and P. Very, “Toward a generic representation
of random variables for machine learning,” Pattern Recogn.
Lett., vol. 70, no. C, p. 24-31, Jan. 2016. [Online]. Available:
https://doi.org/10.1016/j.patrec.2015.11.004

A. Ghosh and A. Basu, “A new family of divergences originating
from model adequacy tests and application to robust statistical

[66]

[67]

18

inference,” IEEE Transactions on Information Theory, vol. 64, no. 8,
pp- 5581-5591, 2018.

P. Yang and B. Chen, “Robust Kullback-Leibler divergence and
universal hypothesis testing for continuous distributions,” IEEE
Transactions on Information Theory, vol. 65, no. 4, pp. 2360-2373,
2019.

R. E Vigelis, L. H. F. D. Andrade, and C. C. Cavalcante, “Prop-
erties of a generalized divergence related to Tsallis generalized
divergence,” IEEE Transactions on Information Theory, vol. 66, no. 5,
pp- 2891-2897, 2020.


https://proceedings.neurips.cc/paper/2014/file/f4573fc71c731d5c362f0d7860945b88-Paper.pdf
https://proceedings.neurips.cc/paper/2014/file/f4573fc71c731d5c362f0d7860945b88-Paper.pdf
https://www.mdpi.com/1099-4300/23/11/1417
https://www.mdpi.com/1099-4300/23/11/1417
http://jmlr.org/papers/v23/21-1212.html
http://jmlr.org/papers/v23/21-1212.html
https://proceedings.neurips.cc/paper/2016/file/cedebb6e872f539bef8c3f919874e9d7-Paper.pdf
https://proceedings.neurips.cc/paper/2016/file/cedebb6e872f539bef8c3f919874e9d7-Paper.pdf
https://doi.org/10.1016/j.patrec.2015.11.004

JOURNAL OF IATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

APPENDIX A

PROOF oF LEMMA ]

Proof 13.

(@) This is because f'(x) =1 - % f(x) = % >0

(b) We note A(x) = f()l—c) -f(x) = % —x+2logx. Then A’(x) =
—(% -12<0and A(1) =0 So itis easy to know Lemma
[Ibl holds.

(c) We can verify this by definition.

—X

(147)

y-logy=x =" =y = (-y)e? =—¢
—y=-W(-e™)
(d) We can get Lemma [{d] from [If] immediately.
(e) According to Equation @), we can have

dwi(n) __dWo(=e=™)) _ ~Wo(—e~(1#1))

dr dr T e~ (W (1 4+ Wy (—e~(1+0)))
L) W= )  cw(o)
dr T Wo(—e=0) 1 1—wi(2)
The derivative of wy(#) can be computed in a similar
way.
(f) From Lemmal ip] we can know Lemma [T}
(g) This is because
f) < T+t=wi(t) <x <wa(t) = <=-< !
wa(t) x  wi(?)
Combining Lemma [Ip} we have
1 1
fl—=) < fwa(0)) =1+1 = f(wi(1)) < f(=—=)
wa(1) w1()

Thus Equation (7) holds. It is also easy to know that
Si) = f( Wll(t)) is continuous and strictly increasing
with ¢.

(h) We have

fxX) =21+t = x <wi(t) Vx = wo(r)
1 1 1 1
X owat) x T owi()
Combining Lemma we have f(#(t)) < f(#m), o)
we have Lemma [Thl
(i) Since f'(x) =1- % and wy(z) > 1 for r > 0, we have

, 1 w1
f(wa(1)) =1 - oy S
<wa(0) ~1=-|1- —— |= =7
wa(t)
(148)
()

Fwi(r)wi(t2))
=w1(t1)w1(t2) — log w1 (t1)w1(t2)
=w1(t1)w1(t2) + (w1(t1) — logwi (1))

+ (wi(r2) —logwi(t2)) — wi(t1) — wi(t2)
=wi(t)wi(t2) + 1+t + 1+ 12 —wi(t1) — wi(t2)
=ty + 1t +2+wi(t)wi(t2) —wi(t1) —wi(2)  (149)

where the third equation follows from Lemma
Equation (10) can be proved in a similar way.
o

19
APPENDIX B
PROOF OF LEMMA [BBI
Proof 14.

The condition KL(N(0,)|IN (i, X)) < € is equal to the
following conditions

log |Z[+ Tr(E™) <n+e (150)
pTE <26 - (151)
0<e <2e (152)
We can apply Lemma [2] on Equation (150) and get
—log|Z| + Tr(X)
< L 1 1
= Wo(—e- o) 8 S (memtren) T
Applying Lemma [T]on Equation (150), we get
wi(er) <" <wa(er) (153)

From Equation (151) we know p 27y < 2e — 1. Since
pTZ 7w > A pT p where A/, is the minimum eigenvalue
of £7!, combining Equation (I53), we can know
2e —g1  2e-¢&
A7 wiler)
Adding the two sides of Inequalities (153), and (154), we

get the same result as Equation (40). Therefore, we can
get the same supremum as follows.

KL(N(p, B)|IN(0,1))

pp< (154)

1 1
<5 “Wo(—e-(¥26)y log “Wo(—e-(#2e)) 1)
Inequality (155) is tight only when there exists one 4} =

—Wo(—e~(1+22)) and all other Al=1fori# j,and |pu| =0.
O

APPENDIX C

PROOF OF THEOREM[]

Proof 15.
For X ~ N(u, X), there exists an invertible matrix B such
that X’ = B~1(X—p) ~ N(0,1) [2]. Here B = PD'/2, Pisan
orthogonal matrix whose columns are the eigenvectors
of X, D = diag(A1,...,4,) whose diagonal elements
are the corresponding eigenvalues. For X1 ~ N(u1,X1)
and X, ~ N(pp,X2), we define the following linear
transformations 71, T»

X! = T1(X1) = B{*(X1 — p1) such that X] ~ N(0,1)
(155)

X7 =T>(X2) = By (X2 — po) such that X3 ~ N (0, 1)
(156)

and the reverse transformations Tr L T; L such that X =

T7H(X)) = BiX] +p1 and X = T;1(X3) = By X7+, where
Px} = Px2 = N(0,I). Besides, it is easy to know X12 =
Tr(X1) = By (X1 - p2) and X; =T1(Xp) = By (X2 — 1) are
both Gaussian variables. We also have
X7~ N(By (1 = p2), By Z1(B; 1))
Xy ~ N(By' (2 — 1), B ' Z2(BT) ™)

(157)
(158)
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With the help of invertible linear transformations, we
can convert the KL divergence between two arbitrary
Gaussians into that between one Gaussian and standard
Gaussian. According to Proposition [I} diffeomorphisms
preserve KL divergence. If we apply 7> simultaneously
on Xj, X», we can have

KLN (1, ZIIN (2. £2)) =K L(py: | px:)

=KL(px2lIN(0, 1)) (159)

Then we can apply 7;! on X7, X3 and also have
KL(N(0, Dllpx2) =KL(px2ipx2) (160)
=KL(N(p2, 22)[IN(p1,21)) - (161)

According to precondition, it is easy to know
KL(N (p1, Z1)[IN (p2, £2)) = KL(px2|IN(0,1)). Applying
TheoremEHon KL(sz||N(0 1)), we can prove

KL(N(0, Dllpx2) = KL(N (p2, Z2)[IN (21, £1))

<1 ( S S lo -t 1

=2 | Sy (ce(422)) & “Wo(—e-1+22))
Similarly, if we use 77 simultaneously on X; and X;, we
can get the same result.
Inequality is tight when there exists only one
eigenvalue A; of B;'X1(B;")T or B{'Zy(B;")7 is equal
to —Wo(—e~1*22)) and all other eigenvalues A; (i # j) are
equal to 1, and g1 = po.

o

APPENDIX D
PROOF OF THEOREM[2]
Proof 16.
When ¢ is small, we can use the series expanding Wy (see

Section III.17 in [20]) to simplify the bound in Theorem
M

Notice that when ¢ is small, —-Wy(—e~1*2)) is close to 1.
According to the series expanding Wy (see Section II1.17
in [20]]), we have

Wo(—e™129)) = —1 + 2ve - *+0(e%)

Now expand the log term around —Wy(—e
using Taylor series for small .

log(~Wo(—e~1%29))
=log(1 - Wo(—e~122)) — 1)
1 2
R _—(1+2e)y _
2( Wo(—e ) 1)

2
8 + 98 (162)

—(1+2£)) =1

- _ WO(_67(1+28)) -1

+ % (~Wo(-em1#227) - 1)3 +0 ((~Wo(-e"129) —1%)
=—2Ve+ %s - ;81'5 +0(&?)
1 4 15 2 ?
—E(—Z\/E+§8——8 +0(e ))
1 4 15 2 ’ 2
+ = (—2\/§+ 3¢ 5¢ +0(e )) +0(&%) (163)
Y- g -z 102 (164)

20

Plugging Equation (162) and (164) into the bound in
Theorem [T} we can have

KL(N (p2, Z2)|IN (p1, E1))

1 1
=3 4 2
1-2ve+-e-=el5+0(&?2)
3 9
—2+e - Ea - e 10 -1
3 9
2e — é81'5 + 0(82)
1 3

4 2
2 1-2ve+ 36~ §81~5 +0(2)

2615 4 O(£2
- g +0(g%)

4 2
1-2+e+ 36 581'5 +0(g2)

= +2e0 + 0(£%) (165)

APPENDIX E
THE FIRST PROOF OF THEOREM[3]
Theorem 3| can be proved using the similar method as that

of Theorem|T} except that the proof uses W_;. We put the key
steps of the proof of Theorem 3| in Lemma [10| and Lemma

Lemma 10. Given n-ary function f(x) = f(x1,...,x,) =

g Xi —logx; (x; € R*), if Ffxt,...,x) = n+M(M > 0),
then
| 1
ll'lff()c—1 .y x—n)
= ! 1 ! 1
TIWoa (e ) T OB Ty Tty 1T
Proof 17.

The structure of proof of Lemma [10]is similar to that of
Lemma 2| The constraint in the following optimization
problem

1 1

minimize f(x—x—)
1 n

(166)

s.t. in —logx; >n+M (167)

i=1

can be replaced by the following constraints

/\f(xi) :x,-—logx[ > 1+M,~/\/\M,’ ZO/\ZM,’ >M
i=1 i=1 i=1
(168)

Given fixed My, ..., M, such that A7 M; > OA X" M; >

M, we define
:Mn): inf f(l’l)

9
,nlf(xi)>1+Mi X1 Xn

= Z inf
f (x; )>1+M

I(My,...

n

(2 =)= 1(M;) (169)

i=1
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So we have
R | 1 . =
inf f(—,....=) = inf I(My,....My) (170)
X1 Xn /\” M;>0
Zl 1M =M

It is easy to know that I(My,...,M,) is continuous
and strictly increasing with My, ..., M,. So the condi-
tion }; M; > M in Equation (170) can be changed to
"M =M.

The remaining proof consists of two steps. We find
I(My,...,M,) for fixed Mq,..., M, in the first step, and
then find inf I(My, ..., M,,) for any My, ..., M, satisfying
Ay M; =0 A X" M; = M in the second step.

Step 1: According to Lemma [T} for fixed M;, we get

. 1, 1
I(Ml) _f(x)lrzlf+M,-f()_C) _f(WZ(Mi)) (171)
Combining Equation (169), we know
- z 1
I(My,....M,) = —_— 172
(M ) ;f(wz(%)) (172)
Step 2: We define function
AM) =F (w2 (M) — ()
T wa (M)
=W2(M) - W - 210g WZ(M) (173)
Similarly, we can prove A(tM) < tA(M) (0 <t < 1)

by showing A(0) = 0 (apparently) and A(M) is strictly
increasing and strictly convex. Combining Lemma
we get the derivative of A(M) as

dA(M) 1 2 dwa(M) 1
dm (1 ' wa(M)2 wa(M) ““am ! wo (M)
(174)

The second order derivative of A(M) is

d?AM) 1
dM?2 T wo(M)?

wa (M) 1

wa(M) =1 wa(M)(wa(M) — 1)
(175

Since wZ(M) € (1,+0) for M > 0, so it is easy to know
dﬁ(ﬂy) 0, ddAAE[AZ/’) > 0 for M > 0. This implies that A(M)
is strictly increasing and strictly convex. We can use the
similar deduction as Lemma [2| to prove A(tM) < tA(M).

Thus, we have

AM,, ..., My) ZZf(WZ(Mi))

ZA(M)

_Z A(—M) < Z ZEAM) = A(M)
(176)

(M)

21

Inequality (176) is tight when there exists only one
M; = M and all other M; = 0 for i # j. Therefore, from
Inequality (176), we can obtain

I(My,..

, M,
" )@
_lef(WQ(M)) \>-
22y f(wa(My)) — A(M)

LemmallH]
=2 (1 + M) = (f(wa(M)) - f(w (M) \>

=n+M—(1+M)+f(;)

wa(M)
I S PO S
T IW (e (M) T 08 Ty (St
+n—-1 (177)
Finally, we can conclude that
inff_(l l) = inf IWMy,...,M,)
X1 Xn AL, M0
Ii Mi=M
! —log;+n—l (178)

oWy (e ()

Similarly, f(1/x1,...,
there exists only one j such that x; = -W_1(-e¢
and f(x;) =1fori # j. O

_W_l(_e—(1+M))

1/x,) reaches its infimum when
—(1+M))

The following Lemma gives the infimum of KL diver-
gence when one Gaussian is standard.

Lemma 11. For any n-dimensional Gaussian distribution
N(p,X),
(@) If KLIN (p, D)IIN(0,1)) =2 M(M > 0), then

KL(N(0,D[IN(p, X))

L B e PO S
=2\ Sw (—e-(wanny) T 08 Ty (o
(b) Tf KL(N(0, D[N (1, E)) > M, then
KL(N(p, D)[IN(0, 1))

S S 1 1 1
_E _W_l(_e—(l+2M)) — o8 _W_l(_e—(1+2M)) B

Proof 18. (a) We first consider the case when
KL(N(p,2)|IN(0,1)) = M. At the end of the proof,
we deal with the case when KL(N (p, Z)|IN(0,1)) > M.
The condition —log |X|+Tr(X) + 1" o —n = 2M is equal to

~log ||+ Tr(T) = Zai —logA; =n+M (179)
i=1

u'p=2M - M, (180)

where 0 < M7 < 2M.
Applying Lemma [10|on Equation (179), we can get

" 1
log ||+ Tr(E7") = Z - ~log—
=1 i

1 1

> T EPTYAN —log W (e ) +n-1

Inequality is tight when all eigenvalues A; of X are
equal to 1 except for one A, = —W_q(—e~1MD),

From Equation (I80), we know p™27'p > AUpTp =
AL(2M — M;) where A is the smallest eigenvalue of
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X7l Here A* = 1/4] is the largest eigenvalue of X.

From Equation ({I79), Lemma and we know
A* < —W_q(—e~1+M1)) So we obtain

2M — M,
_W_l(_e—(1+M1))

Note that, inequalities (181) and (181) become tight
simultanously when the same condition holds. Now
combining Equation (181) and (181), we obtain

log|Z|+Tr(E ™)+ 2 —n

=l > (181)

1 1
> W (e i) 108 Sy (e
2M - M, 1
"W (e )
1+2M - My 1
=——— -log———-1=L(M;) (0< My <2M
7 T Rl
(182)
It is easy to know that L'(M;) = Wﬁ%ﬁ)—l) Since

My < 2M and wy(M7) > 1 for My > 0, so L'(M7) <
0 (M; > 0). This indicates that L(M;) > L(2M) for
0 < M7 < 2M. Thus, we can conclude

KL(N(0, D[N (p, X))

1
>
>>L(2M)
1 1 | 1 .
T2\ S (e 2y 08 "W (—e- (28 T

Inequality is tight when there exist only one eigen-
value 1; of X equal to —W_1(—e~1*2M)y and all other
eigenvalues A;(i # j) are equal to 1, and p = 0.

Finally, we can consider the case when
KL(N(p,2)|IN(0,I)) > M. The bound in Equation
is strictly increasing with M. Therefore, the
precondition KL(N (p, Z)|[N(0,1)) = M can be changed
to KL(N (u, X)|IN(0, 1)) > M.

(b) The proof of Lemma EE| is the similar to that of
Lemma [3p} We list it here for clarity.

The condition KL(N (0, )||N(w, X)) = M is equal to

log |Z| + Tr(E™Y) = n+ M, (183)
pw'El=2M - M, (184)

where 0 < M1 < 2M. Applying Lemma (10| on Equation
(183), we can obtain

—log|X| + Tr(X)
S 1 1 1
=W (e ) %8 S (et

From Equation and Lemma [Th] and [T} we have
A < =W_qy(—e~*MD) where A’ is the eigenvalue of pal
Now let 1 be the largest eigenvalues of £7!. It is easy
to know

n-1

/l,*IJ/TIJ/ > NTZ_lu — 2M _ 1‘41
2M - M,
_W_l(_e—(1+M1))

Inequalities (185) and (185) are tight simutanously when
there exist only one eigenvalue 1, = -W_, (—e~ (M) and

=u'u > (185)

22

all other eigenvalues are equal to 1, and |u| = 0. There-
fore, combining Equation (185) and (I85), we obtain
—loglZ[+Tr(X)+p'pu—n
S 1 1 1
=W (—e OeMy %8 Ty (G
2M — My
W (et
Finally, using the similar analysis as Equation (183), we
can conclude that
KL(N(p, 2)[IN(0,1))

(186)

>1 1 1 ! 1
=2\ S (—e-2mn)) © 08 W (—e-2p)y T

Similarly, the precondition KL(N(0,)|IN(p, X)) = M
can be changed to KL(N(0,)|IN(p,X)) > M because
the bound in Equation is strictly increasing with
M.

m]

Notes. It needs strict conditions to reach the infimum in
Lemma 1]

Now we can also obtain Theorem [3| on two general
Gaussians. We can use linear transformation on Gaussians
and apply Lemma |11 on them as what we do in the main
proof of Theorem [I} The key steps have been proven in
Lemma [10]and [11] More details are ommited.

APPENDIX F
PROOF OF LEMMA [5]
Proof 19.

With the helper functions f;, f (Equation (61)), we define
function

Ay (&) = gr(e) —gi(e) = (wa(e) = 1) = (1 - wi(e)) (187)
It is straightforward to know

Ay (0) =w2(0) -1 - (1-w1(0)) =0 (188)

In the following, we prove A,,’(¢) > 0 for € > 0. Plugging
Equation (62), we have
1 1

’ _ 1 - =
8r (8) _fr (8) - fr/(fr—l (8)) - fr'(wz(&‘) - 1)
1

1

= 1T~ F'(wale) )
wa(€)
’ — 1 = ! = !
S ) T Ha =)
1 1
T Tl o
wi(&)

According to Lemma [I| and Lemma [T} f(x) is strictly
decreasing in (0,1) and f(w1(g)) > f(ﬁ). So we can
know wq(e) < ﬁ Since f(x) is convex and f’(x) < 0

in (0,1), we can know f’(wq(g)) < f’(wzl(g)). Now
combining Lemma we can obtain 0 < f’/(wa(g)) <

—f’(m) < —f"(w1(g)) (¢ > 0). This leads to
1 S 1
f'wa(e))  —f"(wi(e))

g (&) = =g(8) (191)
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for & > 0, which means A,,"(¢) = g/ (g) —g/(&) > 0 (& > 0).
Now combining Equation (188), we can conclude

Ay () =gr(e) —gi(e) = (wa(e) = 1) = (1 -w1(e)) 20
(192)

O

APPENDIX G
PROOF OF LEMMA [6]
Proof 20.

From Lemma we know wi(ey) < x < wa(ey) and
wi(ey) < y < wa(ey). So we have wi(ex)wi(ex) <
xy < wa(ex)wa(ey). According to Lemma it suffices
to show f(wi(exwi(ey)) < f(walex)waley)). By the
definition of f(x), we have

fwa(ex)wa(ey)) — f(wi(ex)wi(ey))
=wa(ex)wa(ey) — log(wa(ex)wa(ey))

— (w1(ex)wi(ey) —log(wi(ex)wi(ey)))
=wa(ex)wa(ey) —logwa(ex) —logwa(ey)

— (wi(ex)wi(ey) —logwi(ex) —logwi(ey))
=wa(ex)w2(ey) —wa(ex) + wa(ex) —logwa(ex)

—wa(gy) +wa(ey) —logwa(ey)

— (wi1(ex)wi(ey) — wi(ex) + wi(ex) —logwi(ey)

- wi(ey) +wi(ey) —logwi(ey))
=wa(ex)wa(ey) —walex) +&x —wa(ey) + &y

= (wi(ex)wi(ey) —wil(ex) +&x —wi(ey) +&y)
=wa(ex)wa(ey) —wa(ex) — waley)

= (w1(ex)wi(ey) —wilex) —wiley))
=wa(ex)wa(ey) —wa(ex) —wa(ey) +1

= (wi(ex)wi(ey) —wilex) —wi(ey) +1)
=(wa(ex) = D(waley) = 1) = (wi(ex) = D(wiley) = 1)

(193)

From Lemma@ it is easy to know wa(ex) -1 > 1-wq(&x)
and wa(gy) =1 > 1 -wi(ey). Thus we can conclude

Fwa(ex)wa(ey)) = f(wi(ex)wiley)) 20 (194)

O

APPENDIX H
PROOF OF THEOREM 4]

Proof 21.

For X, ~ N(p,X2), there exists an invertible matrix
By such that X = B;'(X2 — p2) ~ N(0,1) [2]. Here
B, = P2D;/ 2, P, is an orthogonal matrix whose columns
are the eigenvectors of Xy, Dy = diag(d21,...,42,)
whose diagonal elements are the corresponding eigen-
values. We define the following two invertible linear
transformations 7, T~! on random vectors.

X' =T(X)=By" (X - p2), X =T 1(X') = BoX'+ 1
(195)

23

Applying transformation 7 on Xi, X», X3, we can get
three Gaussians.

X{ =T(X1) ~ N(p}. )
X} =T(X) ~ N(0,1)
X} =T(X3) ~ N(p5. )

According to Proposition [} 7 and T7! preserve KL
divergence. Thus, we have

KL(N (p1, Z1)|IN (p2, £2)) = KL(N (. Z)IIN (0, 1))

(196)

KL(N (p2, £2)|IN (13, £3)) = KL(N(0, D[N (13, £3))
(197)
KL(N (p1, 2DIIN (13, £3)) = KLN (7, ZDIIN (p3, £3))
(198)

Combining the preconditions and Equations (196)), (197),

we can know
KLN (3, EDIN(, D)) < &1, KLIN(0, DN (13, 2)) < &2
(199)

Now we can apply Lemma on N(ui, X)),
N(,7) and N(pj,X3)) and get the bound of
KL(N (1, ZDIIN (p3, £3)). Finally, combining Equation
([198), we can prove Theorem E}

m|

APPENDIX |
PROOF OF THEOREM[5]

Proof 22.
Suppose that €1, &> are sufficiently small. According to
the series expanding Wy and W; (Section III.17 in [20]),
we have

Wo(—e~1#28)) = — 1 + 2y + O(¢)
W_1(—e~1%28)) = — 1 - 24/ + O(¢)
So we can obtain
W (e~ (R | (ce= (19220 Ly | (—e=(14200))
+ W_g(—e” (172220 4 1
=(Wo(=e™(#20) 4 1) (W (== 14222) 4.1
=(2e1 + 0(e1)) (2Ve2 + O(£2))

(200)
(201)

=4+/e182 + 0(&1) + 0(&2) (202)
and
5 2
_ W_l(_e—(1+282)) (\/2?1 + \/%)

2&n ’
=(1+2vE2+ 0 (e2)) (\/271 + \/1—2@:+o<ez>
(125 + 0(ea) (101 + T2 )

4er(1+2 0
e

4ey(4yE5 + O(£2))
1-2vz: +0(e2)

=de1 +4er +0(g1) +0(&2) + O (5°)

=4e1 +o0(&1) +o(&) +4e +

(203)
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Using Equations (202) and (203), we can rewrite the
bound in Theorem [4] as

KL((N(p1, Z1)[|E(p3, E3))
<3e1 + 3ex + 2Ve162 + 0(&1) + 0(&2) (204)

[m}

24
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