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The theory of Equality with Uninterpreted Functions (EUF) is fundamental to constraint solving and program

verification. Uninterpreted functions abstract concrete implementations, enabling generalization and simplifi-

cation of theorems and proofs. However, standard EUF restricts function composition to fixed finite depths

(e.g., 𝑓 𝑘 (𝑥) where 𝑘 is constant). This work extends EUF to EUF
𝑛
, supporting parametric composition depth for

unary functions (e.g., 𝑓 𝑛 (𝑥) where 𝑛 is a natural number variable).

An EUF
𝑛
formula can be viewed as a disjunction of infinitely many EUF formulas, each instantiated by an

assignment of natural numbers. Its satisfiability is defined by the satisfiability of at least one such instantiated

EUF formula. We establish the decidability of the EUF
𝑛
satisfiability problem via a conditional congruence

graph (CCG) algorithm. This approach generalizes the standard congruence closure procedure by maintaining

conditional equivalence relations between terms. The algorithm reduces the satisfiability problem to deciding

existential sentences in Presburger arithmetic with divisibility, which is a decidable problem, thereby yielding

a decision procedure for the quantifier-free fragment of EUF
𝑛
with a 2NEXPTIME complexity upper bound.

The enhanced expressiveness of EUF
𝑛
enables new applications: (1) Encoding a decidable subclass of inter-

leaved Dyck reachability problems where existing over/under-approximations produce false positives/nega-

tives, and (2) Encoding a new decidable subclass of uninterpreted program verification problems.
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1 Introduction
The theory of Equality with Uninterpreted Functions (EUF) establishes a logical framework com-

bining equality reasoning with uninterpreted function symbols, where variables range over infinite
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domains and functions retain only their functional congruence property. Formally, this congruence

axiom requires that identical inputs produce identical outputs: ∀𝑥,𝑦. 𝑥 = 𝑦 → 𝑓 (𝑥) = 𝑓 (𝑦). A
canonical demonstration of this principle appears in the EUF formula: 𝑥 = 𝑦 ∧ 𝑓 (𝑥) ≠ 𝑓 (𝑦) which
is inherently unsatisfiable due to the contradiction between the assumed equality 𝑥 = 𝑦 and the

required congruence consequence 𝑓 (𝑥) = 𝑓 (𝑦).
As a fundamental component of Satisfiability Modulo Theories (SMT), EUF plays a pivotal role in

formal verification methodologies [Bueno 2021]. Its applications encompass a wide range of areas,

including circuit equivalence verification [Burch and Dill 1994], the proof of program equivalence

before and after compiler optimizations [Müller-Olm et al. 2005], verification of uninterpreted

programs [Govind et al. 2021], and model checking [Fan and He 2024; Lee and Sakallah 2014].

The essential power of EUF lies in its abstraction mechanism: uninterpreted functions obscure

implementation details to simplify verification. When verification fails under this abstraction, prac-

titioners employ a refinement process that incrementally incorporates specific function properties

until either identifying genuine counterexamples or completing the proof. This methodology strikes

an optimal balance between abstraction precision and verification tractability.

𝑥 𝑦

𝑓 (𝑥 ) 𝑓 (𝑦)

𝑓 𝑓

(a)

{𝑥, 𝑦}

𝑓 (𝑥 ) 𝑓 (𝑦)

𝑓 𝑓

(b)

{𝑥, 𝑦}

{
𝑓 (𝑥 ),
𝑓 (𝑦)

}

𝑓

(c)

Fig. 1. Congruence Closure on an EUF Example.

The satisfiability problem for EUF formulas is known to be decidable. The foundational work

by [Shostak 1984], [Nelson and Oppen 1980], and [Downey et al. 1980] established the congru-

ence closure algorithm, which combines directed acyclic graph (DAG) representations with the

Union-Find data structure to maintain distinct equivalence classes. Here, Union(𝑥,𝑦) merges the

equivalence classes containing 𝑥 and𝑦 while designating a new representative, and Find(𝑥) retrieves
the representative of the equivalence class containing 𝑥 . To illustrate, consider the prototypical

EUF formula:

𝑥 = 𝑦 ∧ 𝑓 (𝑥) ≠ 𝑓 (𝑦).
As illustrated in Figure 1a, the initial equivalence classes are formed as distinct sets: {𝑥}, {𝑦},
{𝑓 (𝑥)}, and {𝑓 (𝑦)}, which correspond to the individual nodes in the graph. The directed edges

represent the superterm relationship between nodes; for example, 𝑓 (𝑥) is the term obtained by

applying the function 𝑓 to 𝑥 , and it is referred to as a superterm of 𝑥 . The algorithm then processes

the equalities in the formula. Upon processing 𝑥 = 𝑦, Union(𝑥 , 𝑦) is called to merge the equivalence

classes of 𝑥 and 𝑦 into {𝑥,𝑦}, as shown in Figure 1b. This merger establishes 𝑓 (𝑥) as a superterm
of 𝑦 and 𝑓 (𝑦) as a superterm of 𝑥 . Consequently, congruence propagation is triggered: since 𝑥 and

𝑦 are now equivalent, functional congruence requires that 𝑓 (𝑥) and 𝑓 (𝑦) must also be equivalent,

leading to the Union(𝑓 (𝑥), 𝑓 (𝑦)) operation (Figure 1c). Finally, when processing the disequality

𝑓 (𝑥) ≠ 𝑓 (𝑦), the condition Find(𝑓 (𝑥)) = Find(𝑓 (𝑦)) indicates that 𝑓 (𝑥) and 𝑓 (𝑦) belong to the

same equivalence class, directly contradicting the disequality. This conflict, detected via congruence

closure, confirms the formula’s unsatisfiability.
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A fundamental limitation in standard EUF theory is its support for only finite-depth function
composition, as seen in terms like 𝑓 𝑐 (𝑥), where 𝑐 is a constant (e.g., 𝑓 (𝑓 (𝑥)) and 𝑓 6 (𝑥)). To enhance
the expressiveness of standard EUF, we propose EUF

𝑛
—a decidable extension that allows parametric

composition depth for unary functions through terms of the form 𝑓 𝑛 (𝑥), where 𝑛 is a natural

number variable. The essential distinction lies in the finite notation 𝑓 𝑛 (𝑥), which has no direct

analogue for multi-arity functions. Consequently, our extension must prohibit parametrically

nested compositions in the latter case. For example, a term such as 𝑔(𝑎,𝑔(𝑏,𝑔(𝑐, 𝑑))) has no concise
parametric representation like 𝑔3 (·, ·). On the other hand, terms that mix parametric and fixed-

depth applications—such as 𝑔(𝑓 𝑛 (𝑥), 𝑥) or 𝑔(𝑓 2 (𝑥), 𝑥)—remain well-formed and admissible within

EUF
𝑛
. Despite this restriction, EUF

𝑛
remains sufficiently expressive for many verification tasks

involving unary function abstractions. For instance, it can model data-structure traversals—e.g.,
𝑟𝑒𝑎𝑑𝑛 (𝑎𝑟𝑟 ) for array access, 𝑛𝑒𝑥𝑡𝑛 (ℎ𝑒𝑎𝑑) for list walking—where the parametric depth 𝑛 captures

the access index or path length. It is also applicable to control-property verification: by using a

unary counting function 𝑎𝑑𝑑𝑛 (𝑐𝑜𝑢𝑛𝑡), one can encode constraints such as equality or inequality

between the execution counts of two functions, which is useful for detecting anomalies like use-

after-free. On the other hand, the term 𝑓 𝑛 (𝑥) can be expressed in first-order logic as 𝑓 ′ (𝑛, 𝑥), where
𝑛 is a natural number variable and 𝑥 is an uninterpreted variable. However, since the current

combination of EUF and Presburger arithmetic does not support the derivation of equalities such as

𝑓 ′ (1, 𝑓 ′ (𝑛, 𝑥)) = 𝑓 ′ (𝑛 + 1, 𝑥), it is necessary to extend the syntax and axioms of EUF and to develop

specialized algorithms for solving EUF
𝑛
formulas.

This paper introduces the syntax and axioms of EUF
𝑛
, along with a conditional congruence

graph (CCG) algorithm for solving quantifier-free EUF
𝑛
formulas, establishing the decidability

of their satisfiability problem. Analogous to the standard congruence closure algorithm for EUF

(Figure 1), this approach represents terms as nodes and functional relationships as edges. The

key distinction lies in the CCG, which maintains both conditional equivalence and conditional

superterm relationships, explicitly capturing the conditions under which terms become equivalent

or functionally related. For example, a conditional equivalence edge between terms 𝑓𝑚 (𝑥) and
𝑓 𝑛 (𝑥) is annotated with the condition 𝑚=𝑛. As a result, when processing equalities in EUF

𝑛

formulas, the algorithm updates only the associated conditional constraints, rather than merging

the corresponding nodes as in Figure 1. Finally, the algorithm reduces satisfiability of EUF
𝑛
formulas

to the satisfiability problem for the existential theory of Presburger arithmetic with divisibility,

which is known to be decidable [Bel’tyukov 1980; Lipshitz 1978] in NEXPTIME [Lechner et al.

2015] thereby establishing decidability.

EUF
𝑛
extends the expressiveness of standard EUF, enabling broader applications. On one hand, the

congruence property of functions closely parallels bracket matching: terms obtained by applying the

same function the same number of times are treated as equivalent, analogous to matched brackets

in balanced expressions. This correspondence allows EUF
𝑛
to encode Dyck reachability problems

over graphs, where two nodes are Dyck-reachable if a path between them forms a well-balanced

bracket string in a Dyck language (i.e., matching brackets). Dyck reachability [Zhang et al. 2013]

and its extension, interleaved Dyck reachability [Conrado and Pavlogiannis 2024; Li et al. 2023;

Zhang and Su 2017], play a central role in static analysis with wide-ranging applications. Although

interleaved Dyck reachability is not an equivalence relation and is generally undecidable [Reps

2000], we show that in the single-source single-target setting, a decidable subclass can be encoded

using EUF
𝑛
. In contrast, existing over- and under-approximation techniques may still yield false

positives or negatives even in this restricted case.

Additionally, uninterpreted functions abstract concrete implementations to simplify verification.

Programs that use such abstractions, which are referred to as uninterpreted programs, have un-

decidable verification in general [Mathur et al. 2019a]. Unlike prior approaches that reason over
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program states (e.g., equalities, disequalities and function relations) [Govind et al. 2021; Hong et al.

2021; Mathur et al. 2019a], EUF
𝑛
supports encoding of certain execution traces. For instance, a

loop like while(cond){x=next(x);} yields access chains 𝑛𝑒𝑥𝑡𝑛 (𝑥), where 𝑛 depends on iteration

count. Standard EUF loses this parametric relation by requiring concrete 𝑛 [Mathur et al. 2019b],

while EUF
𝑛
retains it symbolically, which identifies a decidable subclass of uninterpreted programs

beyond the coherent class [Govind et al. 2021; Mathur et al. 2019a].

To summarize, this paper presents the following contributions:

(1) We propose EUF
𝑛
, an extension of EUF that enables the representation of terms with para-

metric composition depth for unary functions.

(2) We establish the decidability of the quantifier-free fragment of EUF
𝑛
via the CCG algorithm

with 2NEXPTIME complexity.

(3) We demonstrate the practical expressiveness of EUF
𝑛
by encoding a subclass of single-source

single-target interleaved Dyck reachability problems, as well as a subclass of verification

problems for uninterpreted programs. In both cases, we identify new decidable subclasses

enabled by this encoding.

The structure of this paper is organized as follows: Section 2 introduces the basic concepts of

EUF
𝑛
, Section 3 provides the decision algorithm for EUF

𝑛
, Section 4 examines the practical encoding

capabilities of EUF
𝑛
, Section 5 reviews related work, and Section 6 concludes the paper.

2 Logic of EUF𝑛

This section presents the formal syntax and axioms of EUF
𝑛
, followed by a detailed example

illustrating its decision procedure.

2.1 Syntax of EUF𝑛

The syntax of EUF
𝑛
is defined over a finite signature Σ = V ∪ F ∪ C. Variables are partitioned into

V = U ∪ N, where U consists of uninterpreted-type variables (var ∈ U) and N includes natural

number-type variables (int_var ∈ N). Here, 𝐹 denotes the set of function symbols, which includes

unary function symbols (e.g., the successor function 𝑆) and 𝑘-ary function symbols for 𝑘 ≥ 2

(e.g., the binary symbol +). A composite unary term can be written as 𝑓1 ◦ · · · ◦ 𝑓𝑛 , where each
𝑓𝑖 ∈ 𝐹 (1 ≤ 𝑖 ≤ 𝑛) is a unary function symbol. Finally, 𝐶 denotes the set of integer constants, with

0, 𝑐, 𝑐1, 𝑐𝑛 ∈ 𝐶 .

𝑓 𝑜𝑟𝑚𝑢𝑙𝑎 ::= true | false | 𝑡𝑒𝑟𝑚 = 𝑡𝑒𝑟𝑚

| 𝑓 𝑜𝑟𝑚𝑢𝑙𝑎 ∧ 𝑓 𝑜𝑟𝑚𝑢𝑙𝑎 | 𝑓 𝑜𝑟𝑚𝑢𝑙𝑎 ∨ 𝑓 𝑜𝑟𝑚𝑢𝑙𝑎 | ¬𝑓 𝑜𝑟𝑚𝑢𝑙𝑎

𝑡𝑒𝑟𝑚 ::= 𝑣𝑎𝑟 | 𝑓 𝑙𝑖𝑛 (𝑡𝑒𝑟𝑚) | 𝑔(𝑡𝑒𝑟𝑚, · · · , 𝑡𝑒𝑟𝑚)
𝑙𝑖𝑛 ::= 𝑐 | 𝑖𝑛𝑡_𝑣𝑎𝑟 | 𝑐1 · 𝑙𝑖𝑛 + · · · + 𝑐𝑛 · 𝑙𝑖𝑛

Fig. 2. The syntax of EUF𝑛 formulas.

As formalized in Figure 2, the syntax employs a three-tiered structure:

• 𝑓 𝑜𝑟𝑚𝑢𝑙𝑎 represents an EUF
𝑛
formula, constructed from Boolean literals (true, false), equal-

ity predicates over 𝑡𝑒𝑟𝑚s (atomic formulas), or logical combinations of subformulas using

standard connectives.

• 𝑡𝑒𝑟𝑚 denotes functional expressions within formulas, which may be uninterpreted-type

variables (𝑣𝑎𝑟 ) or function applications, where 𝑓 represents a unary function and 𝑔 denotes a

multi-arity function.
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• 𝑙𝑖𝑛 specifies the composition depth for unary function 𝑓 , defined as either constants (𝑐),

natural number-type variables (𝑖𝑛𝑡_𝑣𝑎𝑟 ), or a linear combination of existing 𝑙𝑖𝑛 expressions.

The value of any 𝑙𝑖𝑛 expression is guaranteed to be non-negative during formula solving.

2.2 The Axioms of EUF𝑛

To enable parametric composition depth for unary functions, we extend the EUF theory into a many-

sorted EUF
𝑛
with two distinct sorts: U (uninterpreted) and N (natural numbers). The extended

theory preserves the four core axioms of EUF, with ®𝑥, ®𝑦 ∈ U𝑘
denoting 𝑘-tuples:

(1) ∀𝑥 : U. 𝑥 = 𝑥 (reflexivity)

(2) ∀𝑥,𝑦 : U. 𝑥 = 𝑦 → 𝑦 = 𝑥 (symmetry)

(3) ∀𝑥,𝑦, 𝑧 : U. 𝑥 = 𝑦 ∧ 𝑦 = 𝑧 → 𝑥 = 𝑧 (transitivity)

(4) ∀®𝑥, ®𝑦 : U𝑘 .
∧𝑘

𝑖=1𝑥𝑖 = 𝑦𝑖 → 𝑓 ( ®𝑥) = 𝑓 ( ®𝑦) (congruence)

This extension further requires the axioms of Presburger arithmetic (see Appendix A) along with

the following two novel axioms governing function composition depth:

(5) ∀𝑥 : U. 𝑓 0 (𝑥) = 𝑥

(6) ∀𝑥 : U, 𝑛 : N. 𝑓 𝑆 (𝑛) (𝑥) = 𝑓 (𝑓 𝑛 (𝑥))
where 𝑥 is a variable of uninterpreted type (U) and 𝑛 is a natural number variable of type (N),
while 𝑆 denotes the successor function.

The model of EUF
𝑛
is defined asM = (U ∪N,I), whereU denotes the domain of uninterpreted

elements, N denotes the domain of natural numbers. For every unary function 𝑓 : U→ U, there

exists a corresponding binary function 𝑓 ′ : N × U→ U such that for any variable 𝑛 : N, 𝑥 : U, and

assignment functions 𝜎 : N→ N and 𝜎 ′ : U→U, we have

I(𝑓 ′) (𝜎 (𝑛), 𝜎 ′ (𝑥)) = I(𝑓 ) ◦ · · · ◦ I(𝑓 )︸                 ︷︷                 ︸
𝜎 (𝑛) times

(𝜎 ′ (𝑥)).

A natural way to satisfy this requirement is for I(𝑓 ′) to apply I(𝑓 ) repeatedly 𝑛 times. In the

axioms, we use 𝑓 𝑛 (𝑥) as a shorthand for 𝑓 ′ (𝑛, 𝑥). The interpretations of addition (+), and constants
in Presburger arithmetic follow the standard semantics of natural number addition theory.

Theorem 1 (Generalized Congruence).

∀𝑥,𝑦 : U, 𝑚, 𝑛 : N. 𝑥 = 𝑦 ∧𝑚 = 𝑛 → 𝑓 𝑛 (𝑥) = 𝑓𝑚 (𝑦)

Proof. The case where𝑚 = 𝑛 = 0 is secured by Axiom (5). The general case can be established

by induction, where the inductive step would rely on Axioms (6) and (4), thus allowing for the

completion of the proof. □

Having defined the syntax and axioms of EUF
𝑛
formulas, we now define their satisfiability in

terms of the satisfiability of EUF formulas [Shostak 1978]. For a given formula Ψ and an assignment

𝜎 : N→ N, we define Ψ[𝜎] as the formula obtained by replacing every free occurrence of a variable

𝑥 in Ψ with the corresponding value 𝜎 (𝑥).

Definition 1 (EUF𝑛 Satisfiability). A formula Ψ in EUF
𝑛
over signature Σ is satisfiable iff there

exists an assignment 𝜎 : N→ N such that Ψ[𝜎] is satisfiable in EUF.

2.3 An Example of the Decision Procedure for EUF𝑛

EUF
𝑛
extends EUF by supporting terms with parametric composition depth for unary functions,

thereby transforming equivalence relations between terms into conditional equivalence: two terms

become equivalent only when their composition depth satisfys specific constraints. To demonstrate
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the decision procedure for EUF
𝑛
, we employ a concrete example to illustrate its core mechanisms.

Consider the following EUF
𝑛
formula as a representative case study:

𝑥 = 𝑦 ∧ 𝑧 = 𝑓𝑚 (𝑥) ∧ 𝑘 = 𝑓 𝑛 (𝑦) ∧ 𝑧 ≠ 𝑘, (1)

where𝑚,𝑛 ∈ N denote the composition depth of the uninterpreted unary function 𝑓 . This formula

can be regarded as the disjunction of EUF formulas generated by instantiating𝑚 and 𝑛 over the

natural numbers N, as shown below:

𝑥 = 𝑦 ∧ 𝑧 = 𝑓𝑚 (𝑥) ∧ 𝑘 = 𝑓 𝑛 (𝑦) ∧ 𝑧 ≠ 𝑘 ⇐⇒ (𝑥 = 𝑦 ∧ 𝑧 = 𝑓 0 (𝑥) ∧ 𝑘 = 𝑓 0 (𝑦) ∧ 𝑧 ≠ 𝑘)∨
(𝑥 = 𝑦 ∧ 𝑧 = 𝑓 1 (𝑥) ∧ 𝑘 = 𝑓 0 (𝑦) ∧ 𝑧 ≠ 𝑘) ∨ (𝑥 = 𝑦 ∧ 𝑧 = 𝑓 0 (𝑥) ∧ 𝑘 = 𝑓 1 (𝑦) ∧ 𝑧 ≠ 𝑘) ∨ · · ·

(2)

The EUF
𝑛
formula is satisfiable if and only if there exists an assignment 𝜎 such that the correspond-

ing EUF formula 𝑥 = 𝑦 ∧ 𝑧 = 𝑓 𝜎 (𝑚) (𝑥) ∧ 𝑘 = 𝑓 𝜎 (𝑛) (𝑦) ∧ 𝑧 ≠ 𝑘 is satisfiable.

Figure 3 presents the solving process of the formula based on the conditional congruence graph
(CCG) algorithm. In these graphs, nodes represent 𝑡𝑒𝑟𝑚s from the formula, and directed edges

indicate superterm relationships. For example, the 𝑡𝑒𝑟𝑚 𝑓𝑚 (𝑥) (i.e., 𝑧) is a superterm of 𝑥 , with

edge label (𝑚>0, 𝑓 ,𝑚) encoding the function 𝑓 , its composition depth𝑚, and the condition𝑚 > 0

that validates the superterm relation. Undirected edges connect equivalent 𝑡𝑒𝑟𝑚s, annotated with

logical conditions governing their equivalence. Figure 3a shows the initialized CCG for the example,

which includes the conditional superterm relationships between the terms in the formula. Notably,

during resolution, the graph preserves all existing nodes and introduces only new edges.

The CCG provides a symbolic representation of the family of concrete congruence graphs induced

by the disjunctive EUF formulas above. For any concrete assignment to parameters𝑚 and 𝑛, the

corresponding concrete congruence graph is obtained from the CCG via a two-step instantiation:

first, evaluating the parametric conditions on its edges with the given values; second, keeping only

those edges whose conditions are satisfied. After merging equivalent nodes, the resulting graph

coincides exactly with the congruence graph of the instantiated EUF formula.
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(𝑛>

0
∧ t
rue

, 𝑓
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,𝑚
)
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𝑓
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)
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(d)

Fig. 3. CCG-Based Solution of an EUF𝑛 Formula Example

The decision procedure starts by processing the equation 𝑥 = 𝑦, which introduces an undirected

edge between nodes 𝑥 and 𝑦, annotated with the constraint true. To maintain correctness after

inserting a conditional equivalence edge, three operations are performed on the CCG; collectively,
they symbolically abstract the corresponding operations needed for the entire family of concrete

congruence graphs it represents.

(1) Equivalence propagation. Let [𝑥] denote the set containing 𝑥 and all nodes connected to 𝑥

via conditionally equivalent edges (similarly for [𝑦]). This operation corresponds to the Union
procedure in standard EUF congruence closure algorithms. The step establishes pairwise
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equivalence between all nodes in [𝑥] and [𝑦], updating their conditions by conjoining with

the equivalence condition of 𝑥 and 𝑦. This operation is illustrated in Figure 3b with the

addition of the edge 𝑥
true

𝑦.

(2) Superterm inheritance. After adding the conditional equivalence between 𝑥 and 𝑦, their

superterms/subterms consequently become shared under the given condition. Therefore, in

this step, 𝑥 and 𝑦 inherit each other’s superterm/subterm relations and update the associated

conditions. In Figure 3c, edges 𝑘
(𝑛>0∧true,𝑓 ,𝑛)
−−−−−−−−−−−−→ 𝑥 and 𝑧

(𝑚>0∧true,𝑓 ,𝑚)
−−−−−−−−−−−−−→ 𝑦 are added. Moreover,

new conditional superterm relationships can arise between terms such as 𝑓𝑚 (𝑥) (i.e. 𝑧) and
𝑓 𝑛 (𝑦) (i.e. 𝑘). This follows from the extended formalism’s support for parametric composition

depth, which forces consideration of all possible functional relationships between terms. As

shown in Figure 3c, the edges 𝑧
(𝑚>𝑛∧𝑚>0∧𝑛>0,𝑓 ,𝑚−𝑛)
−−−−−−−−−−−−−−−−−−−−→ 𝑘 and 𝑘

(𝑛>𝑚∧𝑚>0∧𝑛>0,𝑓 ,𝑛−𝑚)
−−−−−−−−−−−−−−−−−−−−→ 𝑧 are

introduced.

(3) Conditional congruence closure.When solving EUF formulas, after adding equivalence

relations, it is necessary to check for additional derivable equivalences based on congruence

axioms. Similarly, when using the CCG to handle EUF
𝑛
formulas, conditional equivalence

relations must also be processed to ensure (conditional) congruence closure. In Figure 3d,

given the superterm relations 𝑧 = 𝑓𝑚 (𝑥) and 𝑘 = 𝑓 𝑛 (𝑦), the edge 𝑧 𝑚=𝑛∧𝑚>0∧𝑛>0
𝑘 is added

to the graph. In this case, there is no superterm relationship between 𝑥 and 𝑦; however, when

such a relationship exists, the congruence closure process differs. This will be discussed in

detail in Section 3.5.

After adding the conditional equivalence between 𝑧 and 𝑘 , the same three steps repeat. Since 𝑧

and 𝑘 have no additional equivalent nodes (this simplified example omits edges such as the one from

𝑥 to 𝑧 with the constraint𝑚 = 0), equivalence propagation is unnecessary. The only conditional

superterm of 𝑘 is 𝑧, but the superterm condition𝑚 = 𝑛∧𝑚 > 𝑛∧𝑚 < 𝑛 is unsatisfiable, terminating

superterm inheritance for 𝑧 (and similarly for 𝑘). Finally, while 𝑧 and 𝑘 are mutual superterms, the

superterm conditions remain unsatisfiable, so the conditional congruence closure terminates.

Finally, the decision procedure handles the disequality 𝑧 ≠ 𝑘 by examining the conditional

equivalence relation between 𝑧 and 𝑘 in the CCG, subject to the constraint𝑚 = 𝑛 ∧𝑚 > 0 ∧ 𝑛 > 0.

Since ¬(𝑚 = 𝑛 ∧𝑚 > 0 ∧ 𝑛 > 0) is satisfiable (e.g., by assigning distinct positive integers to𝑚 and

𝑛), it follows that in this case, no contradiction arises. Consequently, the original EUF
𝑛
formula is

satisfiable for such assignments.

As shown in this example, for any assignment 𝜎 , substituting 𝜎 (𝑚) and 𝜎 (𝑛) for 𝑚 and 𝑛

in both the terms and edge conditions of Figure 3 determines which edges remain valid. The

resulting congruence graph, which is obtained by merging equivalence edges with true conditions
and removing redundant superterm edges, matches the congruence graph obtained by directly

evaluating the EUF formula from Equation 2 under 𝜎 . Thus, the CCG in Figure 3 precisely captures

the congruence graphs of all the disjuncted EUF formulas: 𝑥 and 𝑦 are always equivalent, while 𝑧

and 𝑘 are equivalent if and only if 𝜎 (𝑚) = 𝜎 (𝑛).

3 The EUF𝑛 Decision Algorithm
This section first presents a formal definition of the conditional congruence graph (CCG) and
then describes the EUF

𝑛
decision algorithm built upon it. The algorithm reduces the satisfiability

problem of EUF
𝑛
formulas to the satisfiability of existential Presburger arithmetic with divisibility

by leveraging the structure of the CCG. Since the satisfiability of such Presburger formulas is

decidable [Lechner et al. 2015], the satisfiability of EUF
𝑛
formulas is also decidable.
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3.1 Conditional Congruence Graph
Similar to the congruence closure algorithm for determining the satisfiability of standard EUF, the

decision procedure for EUF
𝑛
also models terms in the formula as nodes and functional relationships

between terms as directed edges. The primary distinction between the two approaches lies in the

conditional labels attached to the edges of the CCG. These labels specify the conditions under which
functional or equivalence relations hold. Consequently, when handling equivalence relations, the

algorithm maintains conditional equivalence edges rather than merging equivalent nodes.

For simplicity, our analysis in this section is limited to formulas involving unary functions.

Nevertheless, the proposed approach can be readily extended to handle multi-arity functions with

minimal modification. Note that while EUF
𝑛
does not support parametric composition of multi-arity

functions, constant-depth compositions of such functions, as allowed in standard EUF syntax, are

still supported in EUF
𝑛
. We begin by formally defining the CCG.

Definition 2 (Conditional Congruence Graph). Let C denote the set of conditions (logical

formulas), E the set of linear expressions, and F the set of unary function symbols (including finite

compositions).

A conditional congruence graph (CCG) is a triple (𝑉 , 𝐸≡, 𝐸≻), where:
• 𝑉 is the set of nodes representing terms.

• 𝐸≡ ⊆ 𝑉 × C × 𝑉 is the set of conditional equivalence edges. An edge (𝑢, 𝜙, 𝑣) ∈ 𝐸≡
(undirected) denotes that 𝑢 and 𝑣 are equivalent under condition 𝜙 ∈ C.
• 𝐸≻ ⊆ 𝑉 ×(C×F×E)×𝑉 is the set of conditional superterm edges. An edge (𝑣, (𝜙, 𝑓 , 𝑘), 𝑢) ∈
𝐸≻ (directed) denotes that 𝑣 = 𝑓 𝑘 (𝑢) under condition 𝜙 ∈ C, where 𝑓 ∈ F represents a

functional relationship between terms and 𝑘 ∈ E specifies the composition depth of the

function.

For any term 𝑡 ∈ 𝑉 , we define [𝑡] as the set containing 𝑡 itself and all nodes conditionally

equivalent to 𝑡 ; that is, for every 𝑡 ′ ∈ [𝑡] \ {𝑡}, there exists an edge (𝑡, 𝜙, 𝑡 ′) ∈ 𝐸≡. Note that when
the directed edges and conditions on equivalence edges are ignored, the subgraph induced by the

nodes in [𝑡] forms a complete graph.

Definition 3 (𝑓 -𝑡𝑒𝑟𝑚). Let 𝑡 be an arbitrary term and let 𝑓 ∈ F be a unary function. The 𝑓 -𝑡𝑒𝑟𝑚 of

𝑡 , denoted 𝑓 -𝑡𝑒𝑟𝑚(𝑡), is the set of all terms obtained by iteratively applying 𝑓 to 𝑡 (for any number

of applications). Formally,

𝑓 -𝑡𝑒𝑟𝑚(𝑡) =
⋃
𝑘∈E
{𝑓 𝑘 (𝑡)}.

For brevity, we use 𝑓 -𝑡 to denote 𝑓 -𝑡𝑒𝑟𝑚(𝑡) in subsequent discussions.

3.2 Overview of the Algorithm
As discussed earlier, the CCG captures both conditional superterm relations and conditional equiv-

alence relations between terms. Therefore, the algorithm for solving EUF
𝑛
formulas based on

the CCG first processes all equalities in the formula to derive conditional equivalence relations

among terms, maintaining conditional consistency after each equivalence relation update. It then

evaluates the disequalities to verify whether there exists a non-conflicting assignment. If such an

assignment exists, instantiating the original EUF
𝑛
formula under this assignment yields a satisfiable

EUF instance; otherwise, the EUF
𝑛
formula is unsatisfiable.

When processing equations, the proposed algorithm does not immediately merge equivalent

nodes, but instead updates the conditional equivalence and superterm relations between them. As

illustrated in Section 2.3, processing each equality in an EUF
𝑛
formula involves the following three
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steps: (1) Equivalence propagation: Enforce the transitivity of equality, similar to the Union oper-

ation in standard EUF solving algorithms. (2) Superterm inheritance: After updating equivalence
relations, propagate the corresponding superterm (and subterm) relationships. (3) Conditional
congruence closure: Update the conditional equivalence relations between congruence terms

based on the congruence axiom and generalized congruence rules (Theorem 1). As illustrated in

Section 2.3, the above procedure terminates because no term can be its own superterm, and is

correct because the CCG completely and accurately captures the congruence graphs of the infinitely

many EUF formulas corresponding to the EUF
𝑛
formula.

Given that an EUF
𝑛
formula adheres to the syntax in Figure 2, it can be transformed into

disjunctive normal form (DNF), possibly incurring an exponential size increase [Kroening and

Strichman 2008]. The validity of the formula is then determined by the satisfiability of its DNF

conjuncts, where each conjunct consists of EUF
𝑛
-literals (atomic formulas or their negations).

For each conjunct, Algorithm 1 either produces a satisfying assignment for the natural number

variables or concludes UNSAT.

Algorithm 1 outlines the process for resolving the target conjunct. In Line 1, the algorithm

initializes a CCG; for example, the graph shown in Figure 3a is the resulting initial CCG. The
detailed functionality of the initialization procedure, Initialize, will be elaborated in Section 3.3.

In Line 2, the queue𝑊 is initialized to track conditional equivalence edges on which conditional

congruence closure has not yet been applied. In Lines 3-9, the algorithm processes equalities in Ψ
(e.g., 𝑡𝑒𝑟𝑚𝑙=𝑡𝑒𝑟𝑚𝑟 ). Lines 4 perform equivalence propagation by invoking the EqProp function.
This function first executes Line 17, which calls AddEq to insert a conditional equivalence edge

between 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 . As illustrated in the example in Section 2.3, an equivalence edge is added

between 𝑥 and 𝑦 in Figure 3b.

Next, Lines 19–20 iteratively invoke AddEq for 𝑡𝑒𝑟𝑚1 and 𝑡𝑒𝑟𝑚2 where 𝑡𝑒𝑟𝑚1 and 𝑡𝑒𝑟𝑚2 are

connected to 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 via conditional equivalence edges, respectively, i.e., 𝑡𝑒𝑟𝑚1 ∈ [𝑡𝑒𝑟𝑚𝑙 ] \
{𝑡𝑒𝑟𝑚𝑙 } and 𝑡𝑒𝑟𝑚2 ∈ [𝑡𝑒𝑟𝑚𝑟 ] \ {𝑡𝑒𝑟𝑚𝑟 }. These calls update equivalence edges between 𝑡𝑒𝑟𝑚1 and

𝑡𝑒𝑟𝑚2, establishing their equivalence under condition𝜙new∧𝜙1∧𝜙2. Note that during loop execution,

a pre-loop snapshot of 𝐸≡ is saved and used exclusively throughout all iterations, thereby ensuring

termination. In the example from Section 2.3, since [𝑥] = {𝑥} and [𝑦] = {𝑦}, no new equivalence

edges are added at this step. The AddEq function (Lines 21–24 in Algorithm 1) incorporates a new

conditional equivalence edge (𝑡𝑒𝑟𝑚𝑙 , 𝜙new, 𝑡𝑒𝑟𝑚𝑟 ) into the CCG. It first checks whether a conditional
equivalence edge already exists between 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 (Line 22); if not, 𝜙old is set to false. Line 23
updates the equivalence condition to 𝜙old ∨ 𝜙new. Note that after adding a conditional equivalence

edge, the AddEq function does not recursively call itself to propagate the equivalence further. This

is because [𝑡𝑒𝑟𝑚1] = [𝑡𝑒𝑟𝑚𝑙 ] and [𝑡𝑒𝑟𝑚2] = [𝑡𝑒𝑟𝑚𝑟 ] (Line 19), so no additional iterations are

required to establish equivalence between [𝑡𝑒𝑟𝑚1] and [𝑡𝑒𝑟𝑚2], thus ensuring termination.

Since the equivalence condition has changed, Line 24 invokes the InheritST function

to perform superterm inheritance, updating the superterms/subterms of 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟

along with their associated conditions. That is, for every (𝑡𝑒𝑟𝑚1, (𝜙1, 𝑓1, 𝑘1), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻ and

(𝑡𝑒𝑟𝑚𝑙 , (𝜙2, 𝑓2, 𝑘2), 𝑡𝑒𝑟𝑚2) ∈ 𝐸≻ , add or update (𝑡𝑒𝑟𝑚1, (𝜙1 ∧ 𝜙new, 𝑓1, 𝑘1), 𝑡𝑒𝑟𝑚𝑟 ) and (𝑡𝑒𝑟𝑚𝑟 , (𝜙2 ∧
𝜙new, 𝑓2, 𝑘2), 𝑡𝑒𝑟𝑚2) to 𝐸≻ . Moreover, for any other superterm 𝑡𝑒𝑟𝑚𝑠 of 𝑡𝑒𝑟𝑚𝑟 with function 𝑓1, the

superterm edges between 𝑡𝑒𝑟𝑚1 and 𝑡𝑒𝑟𝑚𝑠 are updated accordingly; similarly, for any other supert-

erm 𝑡𝑒𝑟𝑚𝑠 of 𝑡𝑒𝑟𝑚2 with function 𝑓2, the superterm edges between 𝑡𝑒𝑟𝑚𝑟 and 𝑡𝑒𝑟𝑚𝑠 are updated

accordingly. Finally, the superterms and subterms of 𝑡𝑒𝑟𝑚𝑟 are similarly propagated to 𝑡𝑒𝑟𝑚𝑙 . In

the example from Section 2.3, Figure 3c shows the resulting graph after executing InheritST(𝑥 ,
true, 𝑦). It can be seen that the superterm 𝑧 of 𝑥 also becomes a superterm of 𝑦, and the conditional

superterm relation between 𝑧 and 𝑦’s original superterm 𝑘 is also added. Similarly, 𝑦’s superterm 𝑘

is inherited by 𝑥 in the same manner.

Proc. ACM Program. Lang., Vol. 10, No. OOPSLA2, Article 329. Publication date: October 2026.



329:10 Yide Du, Zhenbang Chen, Weijiang Hong, and Wei Dong

Algorithm 1: Solve
Input: A finite conjunction Ψ of EUF

𝑛
-literals.

Output: A solution or UNSAT.

1 Let CCG (𝐸, 𝐸≡, 𝐸≻) ← Initialize(Ψ) // Section 3.3

2 Let𝑊 ← ∅ // A global stack-based worklist

3 foreach 𝑡𝑒𝑟𝑚𝑙 = 𝑡𝑒𝑟𝑚𝑟 ∈ Ψ do
// Equivalence propagation

4 EqProp(𝑡𝑒𝑟𝑚𝑙 , true, 𝑡𝑒𝑟𝑚𝑟 )
5 while𝑊 ≠ ∅ do
6 (𝑡𝑒𝑟𝑚′

𝑙
, 𝜙 ′, 𝑡𝑒𝑟𝑚′𝑟 ) ←𝑊 .𝑝𝑜𝑝 ()

// Conditional congruence closure

7 𝐸≡ ← CongruenceClosure(𝑡𝑒𝑟𝑚′
𝑙
, 𝜙 ′, 𝑡𝑒𝑟𝑚′𝑟 ) // Section 3.5

8 foreach (𝑡𝑒𝑟𝑚′
1
, 𝜙 ′′, 𝑡𝑒𝑟𝑚′

2
) ∈ 𝐸≡ do

9 EqProp(𝑡𝑒𝑟𝑚′
1
, 𝜙 ′′, 𝑡𝑒𝑟𝑚′

2
)

10 Φ← true
11 foreach ¬(𝑡𝑒𝑟𝑚𝑙 = 𝑡𝑒𝑟𝑚𝑟 ) ∈ Ψ do
12 if (𝑡𝑒𝑟𝑚𝑙 , 𝜙, 𝑡𝑒𝑟𝑚𝑟 ) ∈ 𝐸≡ then
13 Φ← Φ ∧ (¬𝜙)

14 𝑟𝑒𝑠𝑢𝑙𝑡 ← SolvePresburgerWithD(Φ)

15 return 𝑟𝑒𝑠𝑢𝑙𝑡

16 Function EqProp(𝑡𝑒𝑟𝑚𝑙 , 𝜙new, 𝑡𝑒𝑟𝑚𝑟):
17 AddEq(𝑡𝑒𝑟𝑚𝑙 , 𝜙new, 𝑡𝑒𝑟𝑚𝑟 )
18 𝑊 .𝑝𝑢𝑠ℎ((𝑡𝑒𝑟𝑚𝑙 , 𝜙new, 𝑡𝑒𝑟𝑚𝑟 ))

// 𝑡𝑒𝑟𝑚1 ∈ [𝑡𝑒𝑟𝑚𝑙 ] \ {𝑡𝑒𝑟𝑚𝑙 }, 𝑡𝑒𝑟𝑚2 ∈ [𝑡𝑒𝑟𝑚𝑟 ] \ {𝑡𝑒𝑟𝑚𝑟 }
19 foreach (𝑡𝑒𝑟𝑚𝑙 , 𝜙1, 𝑡𝑒𝑟𝑚1) ∈ 𝐸≡, (𝑡𝑒𝑟𝑚𝑟 , 𝜙2, 𝑡𝑒𝑟𝑚2) ∈ 𝐸≡ do
20 AddEq(𝑡𝑒𝑟𝑚1, 𝜙new ∧ 𝜙1 ∧ 𝜙2, 𝑡𝑒𝑟𝑚2)

21 Function AddEq(𝑡𝑒𝑟𝑚𝑙 , 𝜙new, 𝑡𝑒𝑟𝑚𝑟):
22 if (𝑡𝑒𝑟𝑚𝑙 , 𝜙old, 𝑡𝑒𝑟𝑚𝑟 ) ∈ 𝐸≡ then
23 𝐸≡ ← 𝐸≡\{(𝑡𝑒𝑟𝑚𝑙 , 𝜙old, 𝑡𝑒𝑟𝑚𝑟 )} ∪ {(𝑡𝑒𝑟𝑚𝑙 , 𝜙old ∨ 𝜙new, 𝑡𝑒𝑟𝑚𝑟 )}

// Superterm inheritance

24 InheritST(𝑡𝑒𝑟𝑚𝑙 , 𝜙new, 𝑡𝑒𝑟𝑚𝑟 )

In thewhile loop from Lines 5–9, Line 6 pops an unprocessed edge from𝑊 . Lines 7–9 then perform

the conditional congruence closure, deriving new equivalences between congruent terms via the

CongruenceClosure procedure, whose implementation is described in Section 3.5. The resulting

conditional equivalences are collected in the edge set 𝐸≡ (Line 7) and propagated via the EqProp

function. In Section 2.3, after processing 𝑥 = 𝑦, we have 𝐸≡ = {(𝑧,𝑚 = 𝑛 ∧𝑚 > 0 ∧ 𝑛 > 0, 𝑘)}.
As a result, a conditional equivalence edge between 𝑧 and 𝑘 is added via EqProp, as illustrated
in Figure 3d. Furthermore, the triple (𝑧,𝑚 = 𝑛 ∧ 𝑚 > 0 ∧ 𝑛 > 0, 𝑘) is pushed into 𝑊 . Note

that the equivalence relations added to the CCG via AddEq (Lines 19–20), which are of the form

(𝑡𝑒𝑟𝑚1, 𝜙new∧𝜙1∧𝜙2, 𝑡𝑒𝑟𝑚2) where 𝑡𝑒𝑟𝑚1 ∈ [𝑡𝑒𝑟𝑚𝑙 ] \ {𝑡𝑒𝑟𝑚𝑙 } and 𝑡𝑒𝑟𝑚2 ∈ [𝑡𝑒𝑟𝑚𝑟 ] \ {𝑡𝑒𝑟𝑚𝑟 }, are
not considered for further congruence closure. This is because 𝑡𝑒𝑟𝑚1 (respectively, 𝑡𝑒𝑟𝑚2) shares
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identical superterms with 𝑡𝑒𝑟𝑚𝑙 (respectively, 𝑡𝑒𝑟𝑚𝑟 ). Consequently, for the equivalent condition

𝜙 ∨ 𝜙new ∨ (𝜙new ∧ 𝜙1 ∧ 𝜙2) between congruence terms obtained by considering both edges, the

condition introduced by the edge (𝑡𝑒𝑟𝑚1, 𝜙new ∧𝜙1 ∧𝜙2, 𝑡𝑒𝑟𝑚2) is redundant. (For brevity, we omit

the superterm conditions since the conclusion holds when they are considered.)

The algorithm then processes the disequalities in Ψ (Lines 11–13). For each disequality 𝑡𝑒𝑟𝑚𝑙 ≠

𝑡𝑒𝑟𝑚𝑟 (Line 11), the algorithm identifies from the CCG the condition 𝜙 under which 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟

become equivalent (Line 12). Since a conflict arises if 𝜙 holds, its negation ¬𝜙 is conjoined to the

global condition Φ (Line 13). After processing all disequalities, Φ encapsulates the constraints neces-

sary to prevent conflicts. Thus, if Φ is satisfiable, the original EUF
𝑛
formula is satisfiable; otherwise,

no satisfying assignment exists (Line 14). In the example from Section 2.3, when processing 𝑧 ≠ 𝑘 , the

equivalence condition between 𝑧 and 𝑘 is found to be 𝜙 = (𝑚 = 𝑛∧𝑚 > 0∧𝑛 > 0) ∨ (𝑚 = 0∧𝑛 = 0)
(Figure 3d, which omits some conditions for brevity as noted earlier). Since ¬𝜙 is satisfiable, the

EUF
𝑛
formula in Section 2.3 is satisfiable. Note that Φ can be expressed as an existential sentence in

Presburger arithmetic with divisibility, a theory with decidable satisfiability. A formal justification

for this characterization is provided in Section 3.5 and Section 3.6.

3.3 Initialization
This subsection details the initialization function Initialize (Line 1) in Algorithm 1. During

initialization, all terms from the EUF
𝑛
formula Ψ are collected into set 𝑉 , which serves as nodes

of the CCG. The superterm edge set 𝐸≻ is initialized by defining relations where one term can be

obtained by applying functions to another (e.g., 𝑓𝑚 (𝑥) becomes a superterm of 𝑓 𝑛 (𝑥) via (𝑚-𝑛)
applications of 𝑓 , under condition𝑚 > 𝑛). The sets 𝑉 and 𝐸≻ are initialized as follows:

𝑡𝑒𝑟𝑚 ∈ Ψ
𝑉 ← 𝑉 ∪ {𝑡𝑒𝑟𝑚}

𝑓 𝑘1 (𝑡𝑒𝑟𝑚), 𝑓 𝑘2 (𝑡𝑒𝑟𝑚), 𝑡𝑒𝑟𝑚 ∈ 𝑉 , 𝑓 ∈ F
𝐸≻ ← 𝐸≻ ∪ {(𝑓 𝑘2 (𝑡𝑒𝑟𝑚), (𝑘2 > 𝑘1, 𝑓 , 𝑘2 − 𝑘1), 𝑓 𝑘1 (𝑡𝑒𝑟𝑚))}

This rule states that if the conditions above the line hold, then the operations below the line are

executed. Since the syntax of EUF
𝑛
permits function composition (𝑓 = 𝑓1 ◦ · · · ◦ 𝑓𝑛 ; Section 2.1),

each addition of a superterm edge in the CCG (e.g., for function relation 𝑓𝑖 ) triggers an immediate

check. This check determines if new superterm edges (e.g., for 𝑓 ) can be added based on function

composition rules and the edge’s predecessor/successor relationships, with corresponding supert-

erm conditions and composition counts derived from intermediate edges. For example, if 𝑥 = 𝑓1 (𝑦),
𝑦 = 𝑓2 (𝑧), and 𝑓 = 𝑓1 ◦ 𝑓2, then a superterm edge representing 𝑥 = 𝑓 (𝑧) is added. This composition

check is intrinsic to all superterm edge additions in subsequent algorithm steps.

Finally, the conditional equivalence edge set 𝐸≡ is initialized with conditional equivalence

relations between terms that are derivable from identical base terms through identical function

applications of matching depth (i.e., according to Theorem 1 and the congruence axiom (4)). The

initialization rules are as follows:

(𝑡𝑒𝑟𝑚1, (𝑘1 > 0, 𝑓 , 𝑘1), 𝑡𝑒𝑟𝑚) ∈ 𝐸≻, 𝑡𝑒𝑟𝑚, 𝑡𝑒𝑟𝑚1 ∈ 𝑉 ,
(𝑡𝑒𝑟𝑚2, (𝑘2 > 0, 𝑓 , 𝑘2), 𝑡𝑒𝑟𝑚) ∈ 𝐸≻, 𝑡𝑒𝑟𝑚2 ∈ 𝑉 , 𝑓 ∈ F

𝐸≡ ← 𝐸≡ ∪ {(𝑡𝑒𝑟𝑚1, 𝑘1 = 𝑘2, 𝑡𝑒𝑟𝑚2)}
After initializing the equivalence edges in 𝐸≡, no further congruence closure processing is required.
This is because the superterms of 𝑡𝑒𝑟𝑚1 and 𝑡𝑒𝑟𝑚2 are also superterms of 𝑡𝑒𝑟𝑚, and their conditional

equivalence relations are already included in 𝐸≡.

3.4 Periodic Equivalence
Before introducing the function CongruenceClosure (Line 7) that handles congruence relations in

Algorithm 1, we first introduce a phenomenon we refer to as periodic equivalence. In the standard
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congruence closure algorithm for EUF formulas, after performing theUnion(𝑥,𝑦) operation, the algo-
rithm recursively merges congruent terms by proceeding upward and executing Union(𝑓 (𝑥), 𝑓 (𝑦)),
Union(𝑓 (𝑓 (𝑥)), 𝑓 (𝑓 (𝑦))), and so on. The resulting equivalence classes can be categorized into two

types based on whether a superterm relationship exists between 𝑥 and 𝑦, as illustrated in Figure 4,

where shaded nodes belong to the same equivalence class. Figure 4a depicts the case where no

superterm relationship exists between 𝑥 and 𝑦; that is, the upward search for congruent terms

starting from 𝑥 does not reach 𝑦 (and vice versa). We refer to the equivalence classes formed in

this case as having a hierarchical structure. Figure 4b illustrates the case where a superterm

relationship exists between 𝑥 and 𝑦, such as in Union(𝑥, 𝑓 2 (𝑥)). Here, the upward search from 𝑥

eventually reaches 𝑓 2 (𝑥), causing equivalence classes from different levels to merge, forming what

we call a partitioned structure.

𝑥 𝑦

𝑓 (𝑥 ) 𝑓 (𝑦)

· · · · · ·

𝑓

· · ·

𝑓

· · ·

(a) Without superterm: Hierarchical structure

𝑥 𝑓 2 (𝑥 ) · · ·

𝑓 (𝑥 ) 𝑓 3 (𝑥 ) · · ·

𝑓 𝑓 𝑓 𝑓 𝑓

(b) With superterm: Partitioned structure

Fig. 4. Impact of superterm relationships on equivalence class formation.

In EUF, where the depth of function applications is bounded, both cases in Figure 4 can be

handled uniformly by recursively merging until a fixed point is reached. However, in EUF
𝑛
, where

the composition depth of functions may be represented by variables, this recursive approach fails.

Thus, we must treat the two cases separately. For instance, in the hierarchical structure (Figure 4a),

we have 𝑥 = 𝑦 ∧𝑚 = 𝑛 → 𝑓 𝑛 (𝑥) = 𝑓𝑚 (𝑦), while in the partitioned structure (Figure 4b), we

have 𝑚 ≡2 𝑛 → 𝑓 𝑛 (𝑥) = 𝑓𝑚 (𝑥) (for simplicity, we use 𝑚 ≡2 𝑛 to denote 𝑚 ≡ 𝑛 mod 2, and

adopt this notation throughout). We refer to the equivalence relation arising from a superterm

relationship between 𝑥 and 𝑦 as periodic equivalence. This section elaborates on the treatment of

such congruence relations in solving EUF
𝑛
formulas.

Definition 4 (Periodic Equivalence). Given an equivalence pair (𝑡𝑒𝑟𝑚𝑙 , 𝑡𝑒𝑟𝑚𝑟 ) where 𝑡𝑒𝑟𝑚𝑙 and

𝑡𝑒𝑟𝑚𝑟 are distinct terms, if

∃𝑓 ∈ F. 𝑡𝑒𝑟𝑚𝑙 ∈ 𝑓 -𝑡𝑒𝑟𝑚𝑟 ∨ 𝑡𝑒𝑟𝑚𝑟 ∈ 𝑓 -𝑡𝑒𝑟𝑚𝑙

holds, then (𝑡𝑒𝑟𝑚𝑙 , 𝑡𝑒𝑟𝑚𝑟 ) is called a periodic equivalence pair and 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 are considered

periodically equivalent.

Example 1. Suppose the equation to be processed is 𝑥 = 𝑓 2 (𝑥). By definition, 𝑥 and 𝑓 2 (𝑥) are
periodically equivalent, as shown in Figure 4b, this equivalence relation partitions the set 𝑓 -𝑥 into

two equivalence classes: {𝑥, 𝑓 2 (𝑥), · · · } and {𝑓 (𝑥), 𝑓 3 (𝑥), · · · }, each containing infinitely many

elements. Therefore, after adding the equivalence edge (𝑥,True, 𝑓 2 (𝑥)) to the CCG, for any two

elements 𝑓 𝑛 (𝑥) ∈ 𝑓 -𝑥 and 𝑓𝑚 (𝑥) ∈ 𝑓 -𝑥 that belong to the same equivalence class, an equivalence

edge (𝑓 𝑛 (𝑥),𝑚 ≡2 𝑛, 𝑓𝑚 (𝑥)) should be added.
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Example 2. Assume we are processing the equation 𝑓 6 (𝑥) = 𝑓 8 (𝑥), having previously processed

the equation 𝑥 = 𝑓 5 (𝑥). Consequently, an equivalence edge with condition 6 ≡5 8 already exists

between nodes 𝑓 6 (𝑥) and 𝑓 8 (𝑥) in the CCG. Since ¬(6 ≡5 8) holds, the equivalence class derived
from the relation (𝑥, 𝑓 5 (𝑥)) is distinct from that derived from (𝑓 6 (𝑥), 𝑓 8 (𝑥)). Given(

𝑥 = 𝑓 5 (𝑥) ⇒ 𝑥 = 𝑓 5 (𝑥) = 𝑓 10 (𝑥)
𝑓 6 (𝑥) = 𝑓 8 (𝑥) ⇒ 𝑓 6 (𝑥) = 𝑓 8 (𝑥) = 𝑓 10 (𝑥)

)
⇒ 𝑥 = 𝑓 5 (𝑥) = 𝑓 6 (𝑥) ⇒ 𝑥 = 𝑓 (𝑥)

where the first implication follows from applying 𝑓 5 to 𝑥 = 𝑓 5 (𝑥), yielding 𝑓 5 (𝑥) = 𝑓 10 (𝑥), the
second follows similarly, and the last from 𝑓 (𝑥) = 𝑓 (𝑓 5 (𝑥)). We therefore conclude that the

equivalence classes derived from the relations (𝑥, 𝑓 5 (𝑥)) and (𝑓 6 (𝑥), 𝑓 8 (𝑥)) are identical to those

derived from (𝑥, 𝑓 (𝑥)). A more general and formal treatment will be provided in Section 3.5.

3.5 Congruence Relations Processing
In this subsection, we explain how to handle congruence relations after adding an equivalence

edge, i.e., the CongruenceClosure function (Line 7) in Algorithm 1. Suppose the added equivalence

edge is (term𝒍 , 𝝓, term𝒓 ). We will discuss the cases based on whether a periodic equivalence exists
between 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 . During this process, we use 𝐸≡ to record the conditional equivalence

relations derived from handling the congruence relations. The computation rules presented later in

this subsection state that if the conditions above the line hold, then the operations below the line

are executed.

𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 are not periodically equivalent. We first consider the case where the newly

added equivalence relation is not a periodic equivalence, meaning there is no superterm relation

between 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 . Since 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 are equivalent, according to the congruence

axiom (4) and Theorem 1, for any 𝑓 ∈ F, we need to identify terms within 𝑓 -𝑡𝑒𝑟𝑚𝑙 and

𝑓 -𝑡𝑒𝑟𝑚𝑟 that can be derived as equivalent. The specific rule for adding equivalence relations

is as follows. The condition𝜙1∧𝜙2 ensures that both superterm edges can hold simultaneously,

prevents an infinite upward search for congruent terms, and thereby guarantees algorithm

termination. The validity of the equivalence condition between terms is ultimately checked

during the final satisfiability check of the formula.

(𝑡𝑒𝑟𝑚𝑙 , 𝜙, 𝑡𝑒𝑟𝑚𝑟 ) ∈ 𝐸≡, (𝑡𝑒𝑟𝑚1, (𝜙1, 𝑓 , k1), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻,
(𝑡𝑒𝑟𝑚2, (𝜙2, 𝑓 , k2), 𝑡𝑒𝑟𝑚𝑟 ) ∈ 𝐸≻, (𝑡𝑒𝑟𝑚1, 𝜙old, 𝑡𝑒𝑟𝑚2) ∈ 𝐸≡, 𝜙 = 𝜙1 ∧ 𝜙2 is satisfiable.

𝐸≡ ← 𝐸≡ ∪ {(𝑡𝑒𝑟𝑚1, (𝜙 ∧ 𝜙 ∧ k1 = k2) ∨ 𝜙old, 𝑡𝑒𝑟𝑚2)}
(3)

𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 are periodically equivalent. When a superterm relationship exists between

𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 (assuming 𝑡𝑒𝑟𝑚𝑟 = 𝑓 𝑘 (𝑡𝑒𝑟𝑚𝑙 ) for 𝑘 > 0), the addition of an equivalence

relation partitions the set 𝑓 -𝑡𝑒𝑟𝑚𝑙 into 𝑘 equivalence classes. First, for elements outside the

set 𝑓 -𝑡𝑒𝑟𝑚𝑙 , we handle them according to Rule (3); that is, for any 𝑔 ∈ F with 𝑔 ≠ 𝑓 , the

elements in 𝐸≡ follow Rule (3) with the function symbol 𝑓 replaced by 𝑔. Next, we discuss

the elements in the set 𝑓 -𝑡𝑒𝑟𝑚𝑙 , as discussed in Examples 1 and 2, we will consider two cases:

whether a periodic equivalence involving 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 has already been processed.

(1) (𝑡𝑒𝑟𝑚𝑙 , 𝑡𝑒𝑟𝑚𝑟 ) is the first added periodic equivalence pair with respect to 𝑓 -𝑡𝑒𝑟𝑚𝑙 .
For elements in 𝑓 -𝑡𝑒𝑟𝑚𝑙 , any two elements that belong to the same equivalence class are
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considered equivalent and processed according to the following rules:

(𝑡𝑒𝑟𝑚𝑙 , 𝜙, 𝑡𝑒𝑟𝑚𝑟 ) ∈ 𝐸≡, (𝑡𝑒𝑟𝑚𝑟 , (𝜙1, 𝑓 , 𝑘), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻,
(𝑡𝑒𝑟𝑚1, (𝜙2, 𝑓 , 𝑘1), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻, (𝑡𝑒𝑟𝑚2, (𝜙3, 𝑓 , 𝑘2), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻,
(𝑡𝑒𝑟𝑚1, 𝜙old, 𝑡𝑒𝑟𝑚2) ∈ 𝐸≡, 𝜙 = 𝜙1 ∧ 𝜙2 ∧ 𝜙3 is satisfiable.

𝐸≡ ← 𝐸≡ ∪ {(𝑡𝑒𝑟𝑚1, (𝜙 ∧ 𝜙 ∧ 𝑘1 ≡𝑘 𝑘2) ∨ 𝜙old, 𝑡𝑒𝑟𝑚2)}
(4)

Note that, modular arithmetic can be expressed with an existential sentence of Presburger

arithmetic with divisibility, as shown below:

𝑚 ≡𝑘 𝑛 ⇔ ∃𝑐. 𝑘 | (𝑚 − 𝑐) ∧ 𝑘 | (𝑛 − 𝑐) ∧ 𝑐 < 𝑘

¬(𝑚 ≡𝑘 𝑛) ⇔ ∃𝑐. 𝑘 | (𝑚 − 𝑐) ∧ ¬(𝑘 | (𝑛 − 𝑐)) ∧ 𝑐 < 𝑘

(2) The periodic equivalence relation (terml′ , termr′ ) with respect to 𝑓 -𝑡𝑒𝑟𝑚𝑙 has been
processed. In this case, an equivalence edge already exists between 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 . The

corresponding periodic equivalence pair (𝑡𝑒𝑟𝑚𝑙 ′ , 𝑡𝑒𝑟𝑚𝑟 ′ ) responsible for introducing this
edge can be directly retrieved from the algorithm’s execution trace. Consequently, the

newly introduced periodic equivalence (𝑡𝑒𝑟𝑚𝑙 , 𝑡𝑒𝑟𝑚𝑟 ) will further refine the equivalence
classes partitioned by (𝑡𝑒𝑟𝑚𝑙 ′ , 𝑡𝑒𝑟𝑚𝑟 ′ ). In Theorem 4, we prove that multiple periodic
equivalences can be represented by a single periodic equivalence, and both yield identical

equivalence class partitions. Without loss of generality, we assume 𝑡𝑒𝑟𝑚𝑙 ′ = 𝑓 𝑘1 (𝑡𝑒𝑟𝑚𝑙 )
and 𝑡𝑒𝑟𝑚𝑟 ′ = 𝑓 𝑘2 (𝑡𝑒𝑟𝑚𝑙 ), with 𝑘2 > 𝑘1. The specific processing rules are as follows, where

gcd denotes the greatest common divisor function:

(𝑡𝑒𝑟𝑚𝑙 , 𝜙, 𝑡𝑒𝑟𝑚𝑟 ) ∈ 𝐸≡, (𝑡𝑒𝑟𝑚𝑟 , (𝜙1, 𝑓 , 𝑘), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻,
(𝑡𝑒𝑟𝑚𝑙 ′ , (𝜙2, 𝑓 , 𝑘1), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻, (𝑡𝑒𝑟𝑚𝑟 ′ , (𝜙3, 𝑓 , 𝑘2), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻,
(𝑡𝑒𝑟𝑚𝑟 ′ , (𝜙4, 𝑓 , 𝑘2 − 𝑘1), 𝑡𝑒𝑟𝑚𝑙 ′ ) ∈ 𝐸≻, (𝑡𝑒𝑟𝑚1, (𝜙5, 𝑓 , 𝑘3), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻,

(𝑡𝑒𝑟𝑚2, (𝜙6, 𝑓 , 𝑘4), 𝑡𝑒𝑟𝑚𝑙 ) ∈ 𝐸≻, (𝑡𝑒𝑟𝑚1, 𝜙old, 𝑡𝑒𝑟𝑚2) ∈ 𝐸≡,
𝜙 = 𝜙1 ∧ 𝜙2 ∧ 𝜙3 ∧ 𝜙4 ∧ 𝜙5 ∧ 𝜙6 is satisfiable.

𝐸≡ ← 𝐸≡ ∪ {(𝑡𝑒𝑟𝑚1, (𝜙 ∧ 𝜙 ∧ 𝑘3 ≡gcd(𝑘, (𝑘2−𝑘1 ) ) 𝑘4) ∨ 𝜙old, 𝑡𝑒𝑟𝑚2)}
(5)

The correctness of this rule is established by Theorem 4 in Section 3.6. Noted that, according

to Bézout’s identity [Rosen and Krithivasan 1999], the gcd function can be expressed using

an existential sentence of Presburger arithmetic with divisibility, as shown below:

𝑎 = gcd(𝑚,𝑛) ⇔ ∃𝑏. 𝑎 | 𝑚 ∧ 𝑎 | 𝑛 ∧𝑚 | 𝑏 ∧ 𝑛 | (𝑏 − 𝑎)

Above, we described the handling of CongruenceClosure(), which is invoked after each addition
of an equivalence relation through the EqProp function. The resulting conditional equivalences are

stored in 𝐸≡ and subsequently added to the CCG.

Theorem 2 (Decidability). For any finite conjunctive formula Ψ of EUF
𝑛
equalities and disequali-

ties, its satisfiability is decidable via the CCG algorithm.

Proof. For an arbitrary formula Ψ, the CCG algorithm transforms it into Φ such that Ψ is

satisfiable if and only if Φ is satisfiable. The formula Φ is an existential sentence of Presburger

arithmetic with divisibility. This is because Algorithm 1 introduces existential quantifiers only

through the modulo and gcd operations. Although Line 13 involves negation, it introduces no

universal quantifiers, as both𝑚 ≡𝑎 𝑛 and its negation are expressible as existential sentences. The

gcd function, having no negation semantics, similarly avoids universal quantification. Therefore,

the formula Φ produced by Algorithm 1 is an existential sentence of Presburger arithmetic with
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divisibility. Since this logic is decidable [Lechner et al. 2015], the satisfiability of Ψ is also decidable.

□

3.6 Correctness and Complexity
To prove the correctness of Algorithm 1, we first demonstrate its termination.

Theorem 3 (Termination). Algorithm 1 terminates on any finite input conjunct Ψ, where Ψ is a

conjunction of EUF
𝑛
equalities and disequalities.

Proof. Since the size of the Ψ is finite, it suffices to consider whether the processing of each indi-

vidual formula terminates. Lines 11–13 handle disequalities by collecting the associated equivalence

conditions of the involved terms, which is clearly a terminating process.

For equalities, the processing involves three steps. The first step, equivalence propagation
(Line 4), updates the conditional equivalence relations between elements in [𝑡𝑒𝑟𝑚𝑙 ] and [𝑡𝑒𝑟𝑚𝑟 ].
As the number of nodes in [𝑡𝑒𝑟𝑚𝑙 ] and [𝑡𝑒𝑟𝑚𝑟 ] is finite, this step terminates. Following the

insertion of this equivalence edge, the second step, superterm inheritance, is performed. This

step terminates because the number of superterms and subterms of 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 is finite. The

third step, conditional congruence closure, derives new equivalences based on the congruence

axiom (4) and the generalized congruence theorem (Theorem 1), whichmay in turn trigger additional

congruence-based deductions. However, since the number of nodes is finite and no term can be a

superterm of itself (as such conditions are unsatisfiable), no infinite superterm chains can arise. Thus,

this process is guaranteed to terminate. Therefore, we conclude that Algorithm 1 terminates. □

We now prove the soundness and completeness of Algorithm 1, namely, that the input EUF
𝑛

formula Ψ is unsatisfiable if and only if the existential Presburger formula Φ produced by the

algorithm is unsatisfiable. To establish this, we first prove Lemma 1, as stated below:

Lemma 1. After Algorithm 1 completes, for every equivalence edge (𝑡𝑒𝑟𝑚𝑙 , 𝜙, 𝑡𝑒𝑟𝑚𝑟 ) in the CCG
and any assignment 𝜎 : N→ N, the following invariant holds: 𝜙 is satisfiable under 𝜎 if and only if

𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 belong to the same equivalence class in the congruence closure of Ψ[𝜎].

Proof. We prove by induction that after processing each equation, the CCG and the congruence

closure of Ψ[𝜎] obtained after this processing satisfy the invariant stated in Lemma 1. The detailed

proof can be found in Appendix B; below we outline the main ideas.

First, during Algorithm 1’s initialization (Section 3.3), equivalence edges are generated solely

from terms obtained by applying the same function identically to identical terms (congruence

axiom (4) and Theorem 1). The initialization rules (i.e., the condition 𝑘1 = 𝑘2) define the initial

congruence closure for all Ψ[𝜎], hence the invariant stated in Lemma 1 holds at initialization.

Assume the invariant of Lemma 1 holds after the first 𝑘 equations. For the (𝑘+1)-th equation,

the algorithm adds equivalence edges via EqProp, which first adds an edge based on its parameters

(Lines 4 and 9), then adds edges for transitivity (Line 20). Parameters come from two sources: the

(𝑘+1)-th equation itself, and edges from CongruenceClosure (Line 9). Edges from the equation

satisfy the invariant; those from CongruenceClosure use Rules (3)–(5), whose correctness is shown
later. The proof for transitivity edges (added by AddEq) is given in Appendix B. □

The CongruenceClosure function derives new equivalence edges using Rules (3)–(5). While

Rules (3)–(4) trivially satisfy the invariant in Lemma 1 (e.g., Rule (3) directly encodes the congruence
axiom in solving Ψ[𝜎]), we now prove that Rule (5) also preserves this invariant.

Lemma 2. Assume 𝑛 > 𝑚, 𝑡𝑒𝑟𝑚 = 𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚) ↔ 𝑡𝑒𝑟𝑚 = 𝑓 gcd(𝑚,𝑛) (𝑡𝑒𝑟𝑚).

Proof. The detailed proof can be found in Appendix C. □
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Theorem 4. Given two periodic equivalence relations 𝑡𝑒𝑟𝑚 = 𝑓 𝑘 (𝑡𝑒𝑟𝑚) and 𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚).
Then

𝑡𝑒𝑟𝑚 = 𝑓 𝑘 (𝑡𝑒𝑟𝑚) ∧ 𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚) ↔ 𝑡𝑒𝑟𝑚 = 𝑓 gcd(𝑘,(𝑛−𝑚) ) (𝑡𝑒𝑟𝑚).

Proof. The detailed proof can be found in Appendix C. □

Assuming that all current CCG edges satisfy the invariant in Lemma 1, Theorem 4 ensures that

Rule (5) precisely characterizes the equivalence class partitioning induced by multiple periodic

equivalences. Therefore, the addition of Rule (5) also preserves the invariant in Lemma 1.

Theorem 5 (Soundness and Completeness of Algorithm 1). For any finite conjunctive formula

Ψ of EUF
𝑛
equalities and disequalities, let Φ be the existential formula in Presburger arithmetic

with divisibility generated by Algorithm 1. Then

Ψ is satisfiable ⇐⇒ Φ is satisfiable.

Lemma 1 establishes that the CCG precisely captures all equivalence relations in Ψ[𝜎]. This
directly implies the correctness of Algorithm 1, as stated in Theorem 5.

We now analyze the complexity of Algorithm 1.

Theorem 6 (Complexity). Algorithm 1 decides the satisfiability of a conjunction Ψ of EUF
𝑛

equalities and disequalities of length 𝑛 in 2NEXPTIME.

Proof. For an EUF
𝑛
formula Ψ and its instantiation yielding the disjunctive form of infinitely

many EUF formulas Ψ′ (e.g., Equation (2)), each EUF
𝑛
term with a parametric composition depth

corresponds to infinitely many EUF terms. However, the number of possible superterm orderings

is bounded by 𝑛!. For example, three terms 𝑓𝑚1 (𝑥), 𝑓𝑚2 (𝑥), and 𝑓𝑚3 (𝑥) yield 3! possible order-

ings of𝑚1,𝑚2, and𝑚3, each inducing a distinct superterm chain. For each ordering, a chain of

length 𝑛 requires at most (𝑛 − 1) Union operations, each corresponding to one EqProp execution.
Consequently, Algorithm 1 executes 𝑂 (𝑛! · 𝑛) EqProp operations, where each EqProp invocation
calls AddEq 𝑂 (𝑛2) times, and each AddEq call updates 𝑂 (𝑛2) superterm relations at Line 24. The

cumulative cost of these internal operations is𝑂 (𝑛! ·𝑛5), which is asymptotically dominated by the

subsequent solving of the generated formula and thus does not affect the overall complexity bound.

Each ordering is associated with corresponding constraints (e.g.,𝑚1 > 𝑚2 > 𝑚3), which are

incorporated into the equivalence conditions between terms. Upon termination of Algorithm 1,

these conditions may form an existential Presburger formula with divisibility of length 𝑂 (𝑛!). The
satisfiability problem for such formulas is in NEXPTIME [Lechner et al. 2015], meaning that, on

a nondeterministic Turing machine, a formula of length 𝐿 can be decided in time 2
𝑝 (𝐿)

for some

polynomial 𝑝 . In our case, 𝐿 = 𝑂 (𝑛!), so the solving time becomes 2
𝑝 (𝑂 (𝑛!) ) = 2

𝑂 ( (𝑛!)𝑐 )
for some

constant 𝑐 . Since 𝑛! = 2
𝑂 (𝑛 log𝑛)

, we have (𝑛!)𝑐 = 2
𝑂 (𝑛 log𝑛)

. Thus, the total time is 2
2
𝑂 (𝑛 log𝑛)

, i.e.,
2
2
𝑝 (𝑛)

for some polynomial 𝑝 . Hence, the complexity of solving the resultant formula is 2NEXPTIME

(i.e., solvable in 𝑂 (22𝑝 (𝑛) ) time on a nondeterministic Turing machine, for some polynomial 𝑝).

Additionally, each call to CongruenceClosure (Line 7) must verify the satisfiability of superterm

conditions. Due to superterm inheritance, these conditions incorporate term equivalence relations,

potentially involving divisibility. However, checking only the satisfiability of the ordering relation

along the superterm chain (e.g.,𝑚1 > 𝑚2 > · · · ) suffices to ensure that no term becomes its own

superterm, thereby guaranteeing termination. Since each such check requires solving an existential

Presburger formula (NP-complete) and𝑂 (𝑛! ·𝑛) checks are required, this step is in EXPTIME. Thus,

the overall complexity of Algorithm 1 is 2NEXPTIME. □
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4 Applications of EUF𝑛

This section demonstrates the applications of EUF
𝑛
through two case studies: the single-source

single-target interleaved Dyck reachability problem and the verification of uninterpreted programs.

4.1 Single-Source Single-Target Interleaved Dyck Reachability
In this subsection, we formalize the encoding of a subclass of the single-source single-target

interleaved Dyck reachability problem (IDRP) in EUF
𝑛
and prove that this subclass is decidable.

4.1.1 Background. We first introduce the concepts of IDRP and motivate our EUF
𝑛
encoding.

Regular Expression. A regular expression over an alphabet ΣR is defined recursively as:

R ::= 𝜖 | 𝑎 | (R) | R1 · R2 | R1 + R2 | R∗

where 𝜖 denotes the empty string and 𝑎 ∈ ΣR represents a terminal symbol, (R) denotes expression
grouping to explicitly specify precedence or grouping, R1 · R2 represents concatenation, R1 + R2

signifies alternation, R∗ indicates zero or more repetitions. Operator precedence (descending):

Kleene star (
∗
), concatenation (·), alternation (+).

Dyck Language. The Dyck language, a context-free language (CFL) class for bracket-matching, is

formally defined by the production rule 𝑆 → 𝑆𝑆 | L𝑖𝑆M𝑖 | 𝜖 over alphabet Σ = {L𝑖 , M𝑖 | 𝑖 = 1, . . . , 𝑘}.
Here L𝑖 are termed opening labels and M𝑖 closing labels. The Dyck reachability problem determines

existence of a path between graph nodes where the concatenated edge labels form a valid Dyck

string. This formalism models critical program behaviors including function call/return pairs [Späth

et al. 2019; Sridharan et al. 2005] and field access sequences [Späth et al. 2019], establishing its

broad utility in program analysis.

Single-Source Single-Target IDRP. Given Dyck languages 𝐷𝛼 and 𝐷𝛽 , defined over alphabets Σ𝛼
and Σ𝛽 , respectively, a string 𝑠 is belongs to an interleaved Dyck language, denoted as 𝑠 ∈ 𝐷𝛼 ⊙ 𝐷𝛽 ,

if its projections on Σ𝛼 and Σ𝛽 belong to 𝐷𝛼 and 𝐷𝛽 respectively (i.e., 𝑠 ⇂ Σ𝛼 ∈ 𝐷𝛼 ∧ 𝑠 ⇂ Σ𝛽 ∈ 𝐷𝛽 ).

Given a graph 𝐺 = (𝑉 , 𝐸) where each edge 𝑒 ∈ 𝐸 carries a label 𝜆(𝑒) ∈ Σ𝛼 ∪ Σ𝛽 , two nodes 𝑠, 𝑡 ∈ 𝑉
are 𝐷𝛼 ⊙ 𝐷𝛽 -reachable iff there exists a path from 𝑠 to 𝑡 whose edge label concatenation forms

a string 𝑝 ∈ 𝐷𝛼 ⊙ 𝐷𝛽 . For instance, in Figure 5, nodes 𝑎 and 𝑑 are connected by a path labeled

L1L2J1M2M1K1, demonstrating 𝐷𝛼 ⊙ 𝐷𝛽 -reachability, where Σ𝛼 = {L1, L2, M1, M2} and Σ𝛽 = {J1, K1}.
Furthermore, reachability evaluated solely between two specified points is termed single-source

single-target interleaved Dyck reachability. While the interleaved Dyck reachability problem is

undecidable [Reps 2000], its importance in static analysis applications such as context-sensitive

data-dependence analysis [Reps 2000] and context- and field-sensitive data-flow analysis [Späth

et al. 2019] has driven substantial research into approximation techniques [Conrado et al. 2025; Li

et al. 2023; Späth et al. 2019; Zhang and Su 2017]. However, existing methods universally neglect

the structural properties of connecting paths between reachable nodes.

𝑎 𝑏

𝑒 𝑓

𝑐 𝑑
L1

L2

J1

M2
M1 K1

Fig. 5. An example of interleaved Dyck reachability.

Path Expressions. Given a graph 𝐺 , all pos-

sible paths between any two nodes can be rep-

resented using a regular expression [Tarjan

1981]. Such expressions can be computed in

𝑂 ( |𝐸 | ·𝛼 ( |𝐸 |)) time, where |𝐸 | is the number of

edges and 𝛼 is the inverse Ackermann function.

For example, in Figure 5, the path expression

between nodes 𝑎 and 𝑑 is represented by the

regular expression L1 (L2J1M2)∗M1K1.
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Observation.We identify two structural patterns under which reachability is decidable: (1) path

expressions contain no Kleene star operators; and (2) Kleene star operators are present, but they

are neither:

• Nested within another Kleene star operator (e.g., ((𝑎)∗𝑏)∗), nor
• Combined with the alternation operator (e.g., (𝑎 + 𝑏)∗)

The decidability of the single-source single-target IDRP is straightforward in case (1). For case

(2), this paper establishes its decidability by encoding the problem using EUF
𝑛
. We further reveal

that state-of-the-art approximation techniques—including SPDS [Späth et al. 2019], LCL [Zhang

and Su 2017], ILP-based methods [Li et al. 2023], and 𝑑-MCFL(𝑟 ) [Conrado et al. 2025]—fail to yield

accurate results even under these constraints.

4.1.2 Decidability of the IDRP. We first outline the main idea of the encoding scheme. Nodes in

the graph are encoded as variables, and labeled edges are encoded using uninterpreted functions.

For example, a sequence such as 𝑎
L1−→ 𝑏

M1−→ 𝑐 is encoded as 𝑎 = 𝑓 (𝑏) ∧ 𝑐 = 𝑓 (𝑏), where matching

labels (e.g. L1/M1) are mapped to the same uninterpreted function. In this way, parenthesis matching

is modeled as congruence reasoning, while the relative order of parentheses is captured by the

composition order of uninterpreted functions. This idea closely resembles the encoding of bidirected

Dyck reachability using EUF by Du et al. [Du et al. 2026b].

We restrict our scope to single-source single-target scenarios for two reasons. First, Interleaved

Dyck Reachability is not an equivalence relation. In the example above, node 𝑎 can reach node 𝑐 , but

not vice versa; yet the encoded formula makes variables 𝑎 and 𝑐 equivalent. Without this restriction,

we cannot distinguish whether 𝑎 reaches 𝑐 or 𝑐 reaches 𝑎. Second, branching in paths introduces

another problem: edges such as 𝑎
L1−→ 𝑏 and 𝑐

M1−→ 𝑏 are directly encoded as 𝑎 = 𝑓 (𝑏) ∧ 𝑐 = 𝑓 (𝑏),
which incorrectly implies 𝑎 = 𝑐 even though there is no reachability between them.

From the above encoding, a branch-free (“linear”) unidirectional path can be encoded as an

EUF formula. When the path contains loops (like Figure 5), we can introduce natural number

variables (e.g., 𝑛) to represent repetition counts, with different values corresponding to linear paths

that traverse the loop different numbers of times. By assigning two variables (e.g., 𝑣𝑖𝑛 and 𝑣𝑜𝑢𝑡 )

representing the loop’s entry and exit points, the path between 𝑣𝑖𝑛 and 𝑣𝑜𝑢𝑡 can be encoded using

EUF
𝑛
formulas, where the extended expressive power of EUF

𝑛
enables the encoding of loops, as

established in Theorem 7.

Note that the encoding is performed separately for 𝐷𝛼 - and 𝐷𝛽 -reachability between nodes.

If the sets of reachable assignments for the loop count variables corresponding to 𝐷𝛼 - and 𝐷𝛽 -

reachability intersect, then the combined assignment of all loop count variables corresponds to a

path witnessing the 𝐷𝛼 - and 𝐷𝛽 reachability. We now illustrate the encoding with the 𝐷𝛼 ⊙ 𝐷𝛽 -

reachability problem between nodes 𝑎 and 𝑑 in Figure 5. The path expression between 𝑎 and 𝑑 is

given by R = L1 (L2J1M2)∗M1K1, which contains a Kleene star structure. We introduce a variable 𝑛 to

represent the number of iterations of the loop. The final encoding using EUF
𝑛
is shown below, with

𝐷𝛼 and 𝐷𝛽 components separated for clarity:

Encoding 𝐷𝛼 :𝑎 = 𝑓1 (𝑏in) ∧ 𝑏in = 𝑏out ∧ 𝑐 = 𝑓1 (𝑏out) ∧ 𝑐 = 𝑑

Encoding 𝐷𝛽 :𝑎′ = 𝑏′
in
∧ 𝑏′

in
= 𝑔𝑛

1
(𝑏′

out
) ∧ 𝑏′

out
= 𝑐′ ∧ 𝑔1 (𝑐′) = 𝑑 ′

The complete encoding procedure is detailed in the full version [Du et al. 2026a]. When solving the

formula obtained from encoding 𝐷𝛼 using the CCG, the condition for 𝑎 to be equivalent to 𝑑 is set

to true. When solving the formula from encoding 𝐷𝛽 , the condition for 𝑎′ to be equivalent to 𝑑 ′ is
specified as 𝑛 = 1. Since the conjunction true ∧ 𝑛 = 1 is satisfiable, there exists a path such that

nodes 𝑎 and 𝑑 are interleaved Dyck reachable, i.e., a path that enters the loop exactly once.
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𝑊𝑒𝑙𝑙𝐹𝑜𝑟𝑚𝑒𝑑 ::= 𝑇𝑒𝑟𝑚 | 𝑇𝑒𝑟𝑚 ·𝑇𝑒𝑟𝑚
𝑇𝑒𝑟𝑚 ::= 𝐹𝑎𝑐𝑡𝑜𝑟 | (𝐹𝑎𝑐𝑡𝑜𝑟 )∗
𝐹𝑎𝑐𝑡𝑜𝑟 ::= 𝐴𝑡𝑜𝑚𝑖𝑐 | 𝐴𝑡𝑜𝑚𝑖𝑐 · 𝐴𝑡𝑜𝑚𝑖𝑐

𝐴𝑡𝑜𝑚𝑖𝑐 ::= 𝑎 | 𝜖
Fig. 6. The Syntax of WellFormed regular expressions.

Formally, Figure 6 defines the syntax of reg-

ular expressions under the above structural

constraints, termed WellFormed regular expres-

sions, where 𝑎 ∈ ΣR . In this language, expres-

sions prohibit nested Kleene stars and avoid

alternation inside a Kleene star. If the path ex-

pression between nodes can be represented by a finite number of WellFormed expressions, e.g.,
R1 + R2, we can encode R1 and R2 separately and take the disjunction of the resulting formulas.

Having presented an intuitive encoding scheme forWellFormed regular expressions using EUF
𝑛
,

we now prove that the corresponding IDRP is decidable when all path expressions between the

target node pair areWellFormed.

Theorem 7 (Decidability of the IDRP). Let P be the set of regular expressions encoding paths

between two nodes 𝑢 and 𝑣 in a single-source single-target Interleaved Dyck reachability problem.

If each expression R ∈ P is WellFormed, then P can be encoded as a set of EUF
𝑛
formulas, thus

establishing the decidability of the reachability problem.

Proof. We first demonstrate that anyWellFormed regular expression R can be encoded as an

EUF
𝑛
formula. As shown in the example in Figure 5, the primary challenge is automatically encoding

Kleene star structures. We subsequently show how EUF
𝑛
formulas can express such structures,

with the complete encoding algorithm for R provided in the full version [Du et al. 2026a]

Given a Kleene star expression (𝑠)∗ and a natural number variable 𝑛, we remove the Dyck-

matching pairs from 𝑠 to obtain a simplified string 𝑠′. It can be shown that the encodings for (𝑠)∗
and (𝑠′)∗ are equivalent. It is straightforward to detect whether 𝑠′ contains any invalid pattern.

The possible valid forms of 𝑠′ fall into three categories: (1) a sequence of only opening labels, (2) a
sequence of only closing labels, or (3) a sequence of closing labels followed by opening labels. Cases
(1) and (2) can be encoded easily, and the final formula takes the form:

𝑣𝑖𝑛/𝑣𝑜𝑢𝑡 = (𝑓1 ◦ · · · ◦ 𝑓𝑘 )𝑛 (𝑣𝑜𝑢𝑡/𝑣𝑖𝑛),

where 𝑘 is the length of 𝑠′.
Suppose in case (3), the string contains 𝑘1 closing labels followed by 𝑘2 opening labels. When

𝑛 = 1, the functional relationship between 𝑣𝑖𝑛 and 𝑣𝑜𝑢𝑡 is easy to compute. When 𝑛 > 1, assume

without loss of generality that 𝑘1 > 𝑘2 (the case 𝑘1 ≤ 𝑘2 follows analogously). If the 𝑘2 opening
labels do not match the 𝑘2-length prefix of the 𝑘1 closing labels, then only one valid path exists for

𝑛 = 1. Otherwise, repeating 𝑠′ 𝑛 times yields a path that begins with 𝑘1 closing labels, followed by

(𝑘1 − 𝑘2) repeated closing labels for each additional iteration, and ends with 𝑘2 opening labels. After
introducing an intermediate variable 𝑣temp, the corresponding functional relationship among 𝑣temp,

𝑣𝑖𝑛 , and 𝑣𝑜𝑢𝑡 can be derived accordingly.

After encoding, the resulting EUF
𝑛
formula contains no periodic equivalences and consists

solely of a conjunction of equalities. Solving this formula using the CCG-based method yields the

equivalence conditions between the variables corresponding to the source and target nodes. These

conditions form a quantifier-free Presburger formula, and its satisfiability problem is NP-complete.

If this formula is satisfiable, then𝐷𝛼 - or𝐷𝛽 -reachability holds between the nodes. If the intersection

of their solution sets is nonempty, then 𝐷𝛼 ⊙ 𝐷𝛽 -reachability is established. □

However, existing methods—such as 𝑑-MCFL(𝑟 )-based reachability [Conrado et al. 2025], SPDS

[Späth et al. 2019], LCL [Zhang and Su 2017], and ILP-based approaches [Li et al. 2023]—may

still produce false positives even under the constraints ofWellFormed regular expressions. First,

consider the under-approximation technique based on 𝑑-MCFL(𝑟 ) reachability [Conrado et al. 2025],
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where parameters 𝑑 and 𝑟 control approximation precision (with larger values yielding tighter

approximations for IDRP). While this strategy eliminates false positives, it inevitably introduces

false negatives: for any fixed 𝑑 and 𝑟 , there exist Interleaved Dyck strings unrecognizable by 𝑑-

MCFL(𝑟 ), rendering it incapable of resolving certain IDRP instances even in loop-free cases. We

now present counterexamples for the over-approximation algorithm under the same constraints.

SPDS [Späth et al. 2019] The synchronized pushdown system (SPDS) approximates IDRP by

independently computing the reachability of the two Dyck languages involved in the interleaving.

For example, given 𝐿 = 𝐷𝛼 ⊙ 𝐷𝛽 , SPDS considers 𝑠 and 𝑡 to be 𝐿-reachable if there are paths from 𝑠

to 𝑡 that are both 𝐷𝛼 -reachable and 𝐷𝛽 -reachable. However, this approximation may lead to false

positives if the 𝐷𝛼 -reachable and 𝐷𝛽 -reachable paths are not the same, and there is no path that is

both 𝐷𝛼 -reachable and 𝐷𝛽 -reachable, i.e., no path that is interleaved Dyck reachable. For instance,

suppose the path labels between nodes 𝑠 and 𝑡 form the following regular expression with only one

layer of looping is

L1 (M1J1)∗J1K1,
where Σ𝛼 = {L1, M1} and Σ𝛽 = {J1, K1}. Since there exists a path L1M1J1J1K1 ⇂ Σ𝛼 ∈ 𝐷𝛼 and a path

L1J1K1 ⇂ Σ𝛽 ∈ 𝐷𝛽 , SPDS incorrectly concludes that 𝑠 and 𝑡 are interleaved Dyck reachable. However,

upon further analysis, it becomes clear that only the path entering the loop once is 𝐷𝛼 -reachable,

and this path is not 𝐷𝛽 -reachable. Thus, no interleaved Dyck reachable path exists between 𝑠 and 𝑡 .

The following explains how to solve this example using EUF
𝑛
encoding. First, we define a variable

𝑛 to represent the number of loop executions in the path, and then proceed with the encoding for

𝐷𝛼 , resulting in the following:

𝑠 = 𝑓 (𝑣1_in) ∧ 𝑣1_out = 𝑓 𝑛 (𝑣1_in) ∧ 𝑣2 = 𝑣1_out ∧ 𝑡 = 𝑣2

The condition for 𝑠 and 𝑡 to be equivalent when processing this formula is 𝑛 = 1, meaning the path

that executes the loop once is reachable via 𝐷𝛼 . Then proceed with the encoding for 𝐷𝛽 , resulting

in the following:

𝑠′ = 𝑣 ′
1_in
∧ 𝑣 ′

1_in
= 𝑔𝑛 (𝑣 ′

1_out
) ∧ 𝑣 ′

1_out
= 𝑔(𝑣 ′

2
) ∧ 𝑡 ′ = 𝑔(𝑣 ′

2
)

The condition for 𝑠 and 𝑡 to be equivalent when processing the formula is 𝑛 = 0, meaning the path

that does not enter the loop is reachable via 𝐷𝛽 . By combining 𝐷𝛼 and 𝐷𝛽 , the formula has no

solution, indicating that there is no path between 𝑠 and 𝑡 that is reachable via both 𝐷𝛼 and 𝐷𝛽 .

An improved version of the SPDS method is the mutual refinement algorithm [Conrado and

Pavlogiannis 2024; Ding and Zhang 2023], which removes edges that do not contribute to the current

round of Dyck reachability solving. However, such approaches do not fundamentally improve upon

the SPDS method; thus, counterexamples satisfying the constraints of Theorem 7 but still causing

false positives can be constructed.

LCL-reachability [Zhang and Su 2017] A Linear Conjunctive Language (LCL) describes the

language formed by the intersection of linear context-free languages, which provide a precise

formulation of Interleaved Dyck languages. However, its reachability solving algorithm is based

on finite summaries, which can lead to imprecision due to the limitations of finite summaries and

the inability to distinguish different paths between nodes. For example, if the paths between two

nodes 𝑠 and 𝑡 include 𝑝1𝑎 and 𝑏𝑝2, the summary for 𝑠 and 𝑡 will be derived from the summaries

of 𝑝1 and 𝑝2, even if 𝑝1 and 𝑝2 may not on the same path. In the following example, Σ𝛼 = {L1, M1},
Σ𝛽 = {J1, K1} and the path expression between nodes 𝑠 and 𝑡 is:

L1J1 (M1K1)∗K1
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there exists a path 𝑝1·K1 where 𝑝1 = L1J1M1K1, and a path L1·𝑝2 where 𝑝2 = J1K1. Both 𝑝1 and 𝑝2
are feasible paths, and their summaries are the same, indicating the existence of an interleaved

Dyck reachable path. However, according to the summary generation rules of LCL-reachability

algorithm [Zhang and Su 2017], two reachable summaries also generate a summary indicating

reachability. In this case, there is no interleaved Dyck reachable path between 𝑠 and 𝑠 , so LCL-

reachability algorithm draws an incorrect conclusion.

The following explains how to solve this example using EUF
𝑛
. Similarly, we first define a variable

𝑛 to represent the number of loop executions, and then proceed with the encoding for 𝐷𝛼 , resulting

in the following:

𝑠 = 𝑓 (𝑣1) ∧ 𝑣1 = 𝑣2_in ∧ 𝑣2_out = 𝑓 𝑛 (𝑣2_in) ∧ 𝑡 = 𝑣2_out.

By solving the formula, we obtain that 𝑠 and 𝑡 are equivalent when 𝑛 = 1. And then proceed with

the encoding for 𝐷𝛽 , resulting in the following:

𝑠′ = 𝑣 ′
1
∧ 𝑣 ′

1
= 𝑔(𝑣 ′

2_in
) ∧ 𝑣 ′

2_out
= 𝑔𝑛 (𝑣 ′

2_in
) ∧ 𝑡 ′ = 𝑔(𝑣 ′

2_out
).

By solving the formula, we obtain that 𝑠 and 𝑡 are equivalent when 𝑛 = 0. By combining 𝑛 = 1 and

𝑛 = 0, we obtain no solution, thus concluding that there is no interleaved Dyck reachable path

between 𝑠 and 𝑡 .

ILP-based [Li et al. 2023] When solving the single-source single-target IDRP, [Li et al. 2023]

derived path expressions between nodes and used ILP to count the number of parentheses and

distinguish paths with different loop executions. However, their approach only considered the

Parikh images of the corresponding languages and could not encode the relative order of parentheses.

Although [Li et al. 2023] used LCL reachability to check the order of parentheses, as mentioned

earlier, LCL reachability cannot distinguish between different paths. Therefore, this check cannot

fully prevent errors in parentheses order.

For example, given a Dyck reachability instance where Σ = {L1, L2, M1, M2}, the path expression

between nodes 𝑠 and 𝑡 is:

L2 (L1)∗M2M1
In this case, the ILP method assigns a variable 𝑛 to represent the number of loop executions and

requires that the counts of L1 and M1 be equal, resulting in the constraint 𝑛 = 1. Similarly, it requires

the counts of L2 and M2 to be equal, resulting in the constraint 1 = 1, which is satisfiable, yielding

𝑛 = 1. However, the corresponding path’s parentheses order is incorrect, L1 cannot match with

M2. Since LCL cannot distinguish between different paths between nodes, it will generate a valid

summary as long as there exists any path with a valid parentheses order (e.g., M2M1 ). As a result,
LCL fails to identify the unique path with matching parentheses counts and incorrectly reports

that 𝑠 and 𝑡 are reachable, despite the invalid parentheses order.

The following explains how to solve this example using EUF
𝑛
. First, assign a loop execution

count 𝑛 to the loop, and then proceed with the encoding for 𝐷𝛼 , resulting in the following:

𝑠 = 𝑓2 (𝑣1_in) ∧ 𝑣1_in = 𝑓 𝑛
1
(𝑣1_out) ∧ 𝑣2 = 𝑓2 (𝑣1_out) ∧ 𝑡 = 𝑓1 (𝑣2).

By solving the formula, we find that no conditional equivalence edge exists between 𝑠 and 𝑡 , thus

concluding that there is no interleaved Dyck reachable path between them.

4.2 Verification of Uninterpreted Programs
In this subsection, we characterize the class of uninterpreted programs that are encodable in EUF

𝑛

and, on this basis, identify a decidable subclass from the perspective of solving EUF
𝑛
formulas.
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4.2.1 Background of Uninterpreted Program Verification. Uninterpreted programs [Mathur et al.

2019a] are a class of programs that work over infinite domains and relate closely to EUF. Functions

in these programs are represented solely by function symbols, serving as abstractions for actual

programs [Bryant et al. 2002; Burch and Dill 1994; Fan and He 2024; Lee and Sakallah 2014], enabling

quick verification of program properties. Despite the abstraction, the verification of uninterpreted

programs remains undecidable [Mathur et al. 2019a]. Recently, a decidable subclass known as

coherent programs [Mathur et al. 2019a] has been identified, which is applicable to verifying heap

manipulation programs [Mathur et al. 2019b]. However, very few real-world programs meet the

stringent coherence requirements.

Syntax ofUninterpreted Program. Let Σ𝑈𝑃 be a finite symbolic set, Σ𝑓 ⊆ Σ𝑈𝑃 represents function

set, Σ𝑉 ⊆ Σ𝑈𝑃 represents variable set. The syntax definition of the uninterpreted program is shown

in Figure 7, where f ∈ Σ𝑓 denotes a function, x, y ∈ Σ𝑉 denotes a variable, and ®z is a tuple of variables.

stmt ::= skip | x := y | x := f(®z)
| assume(cond) | assert(cond)
| stmt; stmt
| if (cond) then {stmt; } else {stmt; }
| while (cond) {stmt; }

cond ::= x = y | cond ∧ cond | ¬cond

Fig. 7. The syntax of uninterpreted programs.

In the above definition, a skip state-

ment performs no operation and pro-

ceeds directly to the next statement. The

program includes two types of assign-

ment statements: variable assignment

and function assignment. As well as as-

sume statements, assert statements, and

three program structures: sequential struc-

ture, if-branch structure, and While-loop
structure. Conditional statements include

equivalence relations, as well as corresponding conjunctions and negations. Definitions of the

semantics and verification problem for uninterpreted programs can be found in the full version [Du

et al. 2026a].

4.2.2 An Example of Verifying Uninterpreted Programs Using EUF𝑛 . EUF𝑛 can be used to encode

verification problems for partially uninterpreted programs, including some that do not satisfy the

coherence requirement. We now present an example of verifying a non-coherent program using EUF
𝑛
.

As shown in Figure 8, the goal is to verify whether the assertion at the end of the program holds. The

program contains two loops with identical behavior, they can be seen as two versions of the same

code, differing only by variable renaming—specifically, x to y and z to k. The assertion at the end

of the program expresses the functional equivalence of these two code segments. However, since

terms computed in the first loop are recomputed in the second without being stored in variables, the

program is non-coherent [Mathur et al. 2019a] and cannot be verified using the methods in [Mathur

et al. 2019a].

We now encode the program using EUF
𝑛
. First, for each program variable, we introduce a formula

variable to represent its initial value, such as 𝑥0, 𝑦0, 𝑧0, and 𝑘0. Next, for assignment statements, the

left-hand variable is rewritten, so we introduce new formula variables to represent the modified

values. For example, for the statement x := y; z := k, we encode it as 𝑥1 = 𝑦0 ∧ 𝑧1 = 𝑘0. We encode

the loops in the example program by introducing a natural number variable 𝑛 for the number

of iterations. The encoding consists of three parts: (1) Entry conditions: Introduce a universal
quantifier 𝑖 for the 𝑖-th entry condition. The condition x! = z can be encoded as 𝑖 < 𝑛 → 𝑛𝑒𝑥𝑡𝑖 (𝑥1) ≠
𝑎𝑑𝑑𝑖 (𝑧1). (2) Loop summary: In the first loop, the statements x := next(x); z = add(z) are executed
𝑛 times, yielding 𝑥2 = 𝑛𝑒𝑥𝑡𝑛 (𝑥1) and 𝑧2 = 𝑎𝑑𝑑𝑛 (𝑧1). (3) Exit condition: After 𝑛 iterations, when

the loop exits and the loop condition is not satisfied, we encode it as 𝑥2 = 𝑧2. The encoding for the

second loop is similar.
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x := y;

z := k;

while (x! = z){
x := next(x);
z := add(z);
}
while (y! = k){

y := next(y);
k := add(k);
}
assert(x = y)

∀𝑖∀𝑗 .
𝑥1 = 𝑦0

∧ 𝑧1 = 𝑘0

∧ [𝑖 < 𝑛 → 𝑛𝑒𝑥𝑡𝑖 (𝑥1) ≠ 𝑎𝑑𝑑𝑖 (𝑧1)]
∧ 𝑥2 = 𝑛𝑒𝑥𝑡𝑛 (𝑥1) ∧ 𝑧2 = 𝑎𝑑𝑑𝑛 (𝑧1)
∧ 𝑥2 = 𝑧2

∧ [ 𝑗 < 𝑚 → 𝑛𝑒𝑥𝑡 𝑗 (𝑦0) ≠ 𝑎𝑑𝑑 𝑗 (𝑘0)]
∧ 𝑦1 = 𝑛𝑒𝑥𝑡𝑚 (𝑦0) ∧ 𝑘1 = 𝑎𝑑𝑑𝑚 (𝑘0)
∧ 𝑦1 = 𝑘1

∧ 𝑥2 ≠ 𝑦1

Fig. 8. An example program and the formula encoding by EUF𝑛 .

This example program lacks

branching structures. For pro-

grams with branches, we can en-

code each branch according to

the rules for sequential statements

and take the disjunction of these

encodings. The assertion state-

ment assert(x = y) encodes the
variables 𝑥 and 𝑦 as 𝑥2 and 𝑦1, re-

sulting in the formula 𝑥2 = 𝑦1.

Thus, this EUF
𝑛
formula encodes

the existence of a trace that vio-

lates the assertion. If the formula

is satisfiable, the values of 𝑛 and𝑚

correspond to such a violating trace, suggesting the program is incorrect. Conversely, if unsatisfiable,

it indicates no violating traces, confirming the program’s correctness.

As previously mentioned, encoding loop conditions introduces formulas of the form ∀𝑖 .𝑖 < 𝑛 →
𝑛𝑒𝑥𝑡𝑖 (𝑥1) ≠ 𝑎𝑑𝑑𝑖 (𝑧1), where the bounded universal quantifier ∀𝑖 .𝑖 < 𝑛 is not supported in the

syntax of EUF
𝑛
defined in Figure 2. However, a simple modification to the CCG algorithm suffices to

solve such formulas. For instance, the formula ∀𝑖 .𝑖 < 𝑛 → 𝑛𝑒𝑥𝑡𝑖 (𝑥1) ≠ 𝑎𝑑𝑑𝑖 (𝑧1) can be expressed

in CCG as the equivalence of nodes 𝑛𝑒𝑥𝑡𝑖 (𝑥1) and 𝑎𝑑𝑑𝑖 (𝑧1) under the condition ∀𝑖 .𝑖 < 𝑛. Therefore,

the EUF
𝑛
formula with universal quantifiers in Figure 8 can be transformed into a quantified

Presburger arithmetic formula:

∀𝑖, 𝑗 .¬[(𝑖 < 𝑛 ∧ 𝑖 =𝑚) ∨ (𝑖 < 𝑛 ∧ 𝑖 = 𝑛)]
∧ ¬[( 𝑗 < 𝑚 ∧ 𝑗 =𝑚) ∨ ( 𝑗 < 𝑚 ∧ 𝑗 = 𝑛)] ∧ ¬(𝑚 = 𝑛).

The unsatisfiability of this formula formally establishes the correctness of the original program. No-

tably, this program fails to preserve intermediate computation results (specifically, terms computed

in the first loop are redundantly recalculated in the second loop without variable retention), thereby

violating the coherence criterion. Consequently, such programs cannot be verified as correct under

the methodology proposed by Mathur et al. [Mathur et al. 2019a].

4.2.3 Decidability of Uninterpreted Programs. We now present a class of uninterpreted programs

whose verification problems can be encoded as EUF
𝑛
formulas (Theorem 8), and then, based on

this class, we identify a decidable subclass of uninterpreted programs (Theorem 9).

Theorem 8 (EUF𝑛 Encodability of Uninterpreted Programs). The verification problem for

uninterpreted programs without nested loops, conditional branches within loops, or multi-ary

functions in loop bodies can be encoded as the satisfiability problem of EUF
𝑛
formulas.

Proof. The detailed proof is provided in the full version [Du et al. 2026a]. □

Theorem 9 (Decidability of the Uninterpreted Programs Verification Problem). There exists
a decidable class P of uninterpreted programs where: (1) Every program 𝑃 ∈ P can be encoded into

an EUF
𝑛
formula 𝜙𝑃 ; (2) For any assume statement of the form assume(x = y) in 𝑃 , the superterm

edges set 𝐸≻ contains no element 𝑒 satisfying 𝑒 = (𝑥, 𝜙,𝑦) with 𝜙 is satisfiable.

Proof. Encoding loops in uninterpreted programs introduces universal quantifiers. According

to Algorithm 1 and the discussion in Section 3.5, if periodic equivalence relations do not appear

in the formula, then no divisibility predicates are introduced in the conditions of equivalence edges.
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Theorem 9, specifically Condition (2), ensures the absence of such periodic equivalence relations.
As a result, the EUF

𝑛
formula obtained from encoding this class of uninterpreted programs can

be transformed into a quantified Presburger arithmetic formula. The satisfiability of the original

formula is preserved under this transformation by Algorithm 1, and the resulting formula is

decidable. Therefore, the verification problem for this class of uninterpreted programs is decidable.

□

For any given uninterpreted program, determining whether it satisfies Condition (1) is straight-

forward. After encoding, Condition (2) can be verified during the CCG-based solving process. The

decidable subclass of uninterpreted programs established in Theorem 9 has a non-empty intersec-

tion with the existing class of coherent decidable programs [Mathur et al. 2019a,b], but neither

class subsumes the other. For example, Figure 8 illustrates a non-coherent program; on the other

hand, uninterpreted programs with nested loop structures, while potentially coherent, cannot be

encoded in EUF
𝑛
. Furthermore, [Gulwani and Tiwari 2007] abstract programs using uninterpreted

functions, where conditional branches are replaced by nondeterministic choice, equality guards are

omitted, and the verification mainly targets equality assertions. [Godoy and Tiwari 2009] proposed

a decidable class of uninterpreted programs called Sloopy programs, which similarly abstracts

control flow with nondeterministic choice and reduces assertion conditions to Presburger formulas,

an idea closely related to the verification approach in this paper. The decidable classes in these

two works both have a non-empty intersection with the class defined in this paper, but neither is

subsumed by the other. Their classes support multi-argument uninterpreted functions inside loops,

whereas our approach can directly model branch conditions in programs.

The limitations of EUF
𝑛
in encoding nested loops and branching within loops stem from the

absence of variables representing inner iteration counts and the inability to handle compositions

of multi-arity functions at parametric depth, thereby restricting loops to unary functions. Despite

this, this class of uninterpreted programs remains practically useful: it can model heap operations

(e.g., reads/writes [Mathur et al. 2019b]), and multi-arity functions can be abstracted into unary

functions with vector arguments, thereby falling within this class. Moreover, in control property

verification, function semantics are often irrelevant in that the order and frequency of specific

operations are what truly matter [Bueno 2021]. For instance, in the OpenSSL vulnerability CVE-

2015-0291, a deallocated state variable shared_sigalgs was not synchronized with its length field

shared_sigalgslen, leading to a null dereference. Such bugs can be abstracted as constraints

on update counts of related variables, e.g., using counter variables with updates like counti =
add(counti), and enforcing relations such as 𝑐𝑜𝑢𝑛𝑡𝑖 = 𝑐𝑜𝑢𝑛𝑡 𝑗 or 𝑐𝑜𝑢𝑛𝑡𝑖 = 𝑎𝑑𝑑𝑛 (𝑐𝑜𝑢𝑛𝑡 𝑗 ) ∧ 𝑛 > 0.

5 Related Work
The EUF theory is widely applied in program verification, such as in verifying pipeline processor

equivalence [Burch and Dill 1994] and regression verification for C programs [Strichman and

Godlin 2005]. The satisfiability of its quantifier-free fragment is decidable. Early algorithms by

Shostak [Shostak 1984], Nelson and Oppen [Nelson and Oppen 1980], and Downey et al. [Downey
et al. 1980] leverage directed acyclic graph (DAG) andUnion-Find data structure to achieve𝑂 (𝑛 log𝑛)
congruence closure complexity. Bachmair et al. [Bachmair and Tiwari 2000; Bachmair et al. 2003]

later unified these algorithms via a rewriting framework. Nieuwenhuis and Oliveras [Nieuwenhuis

and Oliveras 2005, 2007] introduced an incremental algorithmwith an Explain feature, now standard

in SMT solvers, which outputs a small subset of constraints implying term equivalence. Congruence

closure algorithms are also vital in automated theorem proving [De Moura and Bjørner 2007] and

compiler optimization [Tate et al. 2009]. The Egg library [Willsey et al. 2021], implementing equality
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saturation [Tate et al. 2009], enhances performance via a rebuilding mechanism that amortizes

consistency maintenance costs.

In extending EUF, Bryant et al. [Bryant et al. 1999] introduced Positive EUF (PEUF), which

defines positive terms. While PEUF does not increase EUF’s expressive power, it significantly

improves solving efficiency. Additionally, Bryant et al. [Bryant et al. 2002] proposed CLU (Counter

arithmetic with Lambda expressions and Uninterpreted functions), which extends EUF by allowing

integer-valued domains for functions and predicates. This extension is orthogonal to our work,

which introduces parametric composition depth for unary functions. Additionally, Zakhour et
al. [Zakhour et al. 2025] extended e-graphs (an implementation of congruence graphs) with a

unified framework for handling both equalities and disequalities. Deepak [Deepak 2019] introduced

conditional congruence closure using Horn equations, where target equalities hold only under

conditions expressed as conjunctions of EUF equalities.

On the other hand, the satisfiability definition of EUF
𝑛
formulas (Definition 1) implies that

enumerating all assignments to the natural number variables yields an infinite set of EUF formulas,

with the EUF
𝑛
formula being satisfiable if and only if at least one formula in this set is satisfiable.

This is closely related to the concept of disjunctive satisfiability introduced by Mathur et al. [Mathur

et al. 2025], which studies the existence of a model satisfying at least one formula in a given infinite

formula set. While their work focuses on regular first-order theories with formula sets described by

regular tree languages, EUF
𝑛
can express non-regular terms such as 𝑓 𝑛 (𝑔𝑛 (ℎ𝑛 (𝑥))), which cannot

be captured by regular tree languages. Thus, our work addresses the disjunctive satisfiability of a

non-regular EUF theory, extending beyond the regular framework of [Mathur et al. 2025].

6 Conclusion
This paper introduces EUF

𝑛
, a decidable extension of EUF theory that supports parametric composi-

tion depth for unary functions (e.g., 𝑓 𝑛 (𝑥)), significantly enhancing the theory’s expressive power.

We also present a CCG algorithm designed to solve quantifier-free EUF
𝑛
formulas by reducing

them to existential sentence of Presburger arithmetic with divisibility. This satisfiability-preserving

transformation establishes the decidability of the satisfiability of quantifier-free EUF
𝑛
formulas, as

the corresponding Presburger fragment is known to be decidable. Furthermore, we demonstrate

the applications of EUF
𝑛
through two practical scenarios: the single-source single-target IDRP and

the verification of uninterpreted programs, for which we identify novel decidable subclasses.
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A Axioms of Presburger Arithmetic [Mendelson 2009]
Let the language A0 = {0, 𝑆,+}, where 0 is a constant symbol, 𝑆 is a unary function symbol, + is a

binary function symbol. The axioms of Presburger arithmetic are defined as the universal closures

of the following formulas:

(1) 𝑥 = 𝑦 → (𝑥 = 𝑧 → 𝑦 = 𝑧)
(2) 𝑥 = 𝑦 → 𝑆 (𝑥) = 𝑆 (𝑦)
(3) ¬(𝑆 (𝑥) = 0)
(4) 𝑆 (𝑥) = 𝑆 (𝑦) → 𝑥 = 𝑦

(5) 𝑥 + 0 = 𝑥

(6) 𝑥 + 𝑆 (𝑦) = 𝑆 (𝑥 + 𝑦)
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(7) The above axioms define the properties of equality (axioms (1) and (2)), the successor function,

and the addition function. Additionally, Presburger arithmetic includes an infinite axiom

schema, the induction axiom: Let 𝑃 (𝑥) be a first-order formula in the language A0, where 𝑥

is a free variable of 𝑃 . The induction axiom is formulated as follows:

(𝑃 (0) ∧ ∀𝑥 (𝑃 (𝑥) → 𝑃 (𝑆 (𝑥)))) → ∀𝑦 𝑃 (𝑦).
The less-than predicate < is definable in the language A0 by the formula 𝑥 < 𝑦 ⇔ ∃𝑧 (¬(𝑧 =

0) ∧ 𝑥 + 𝑧 = 𝑦).

B Details of the proof of Lemma 1.
Lemma B.1. (Lemma 1) During Algorithm 1, for every equivalence edge (𝑡𝑒𝑟𝑚𝑙 , 𝜙, 𝑡𝑒𝑟𝑚𝑟 ) in the

CCG and any assignment 𝜎 : N→ N, the following invariant holds: 𝜙 is satisfiable under 𝜎 if and
only if 𝑡𝑒𝑟𝑚𝑙 and 𝑡𝑒𝑟𝑚𝑟 belong to the same equivalence class in the congruence closure of Ψ[𝜎].

Proof. Given a conjunct of an EUF
𝑛
formula, we prove by induction that after processing each

equation, the CCG and the congruence closure of Ψ[𝜎] obtained at that step satisfy the invariant

stated in Lemma 1.

• Base Step
The initialization rules (Section 3.3) show that equivalence edges in 𝐸≡ are of the form

(𝑡𝑒𝑟𝑚1, 𝑘1 = 𝑘2, 𝑡𝑒𝑟𝑚2), where 𝑡𝑒𝑟𝑚1 = 𝑓 𝑘1 (𝑡𝑒𝑟𝑚) and 𝑡𝑒𝑟𝑚2 = 𝑓 𝑘2 (𝑡𝑒𝑟𝑚). When 𝜎 (𝑘1) =
𝜎 (𝑘2), the terms 𝑡𝑒𝑟𝑚1 and 𝑡𝑒𝑟𝑚2 are identical and thus belong to the same equivalence class

in the congruence closure of Ψ[𝜎]. Conversely, in the EUF formula Ψ[𝜎] obtained under

any assignment 𝜎 , terms of the form 𝑓 𝑐 (𝑡𝑒𝑟𝑚) (where 𝑐 is a constant) are treated identically

during initialization. Setting 𝑘1 = 𝑐 and 𝑘2 = 𝑐 yields a satisfying assignment for 𝑘1 = 𝑘2.

• Inductive Step

Assume the invariant of Lemma 1 holds after the first 𝑘 equations. For the (𝑘+1)-th equation,

the algorithm adds equivalence edges via EqProp, which may be invoked multiple times per

equation. We therefore prove by induction on the number of EqProp executions that the

invariant still holds after processing the (𝑘+1)-th equation.

Initially, when starting the (𝑘+1)-th equation, the invariant holds by the induction hypothesis.
Now assume it holds after the first 𝑘 ′ executions of EqProp for this equation. When executing

the (𝑘 ′+1)-th EqProp, it adds equivalence edges to the CCG in either Line 4 or Line 9. In

Line 20, to maintain transitivity of the equivalence relation, AddEq adds the equivalence edge

(𝑡𝑒𝑟𝑚1, 𝜙old ∨ (𝜙new ∧𝜙1 ∧𝜙2), 𝑡𝑒𝑟𝑚2) to the CCG (from Lines 20, 22, and 23), where 𝑡𝑒𝑟𝑚1 ∈
[𝑡𝑒𝑟𝑚𝑙 ] and 𝑡𝑒𝑟𝑚2 ∈ [𝑡𝑒𝑟𝑚𝑟 ]. By the induction hypothesis, the edges (𝑡𝑒𝑟𝑚𝑙 , 𝜙1, 𝑡𝑒𝑟𝑚1),
(𝑡𝑒𝑟𝑚𝑟 , 𝜙2, 𝑡𝑒𝑟𝑚2), and (𝑡𝑒𝑟𝑚1, 𝜙old, 𝑡𝑒𝑟𝑚2) satisfy the invariant of Lemma 1. As established

previously, (𝑡𝑒𝑟𝑚𝑙 , 𝜙new, 𝑡𝑒𝑟𝑚𝑟 ) also satisfies the invariant of Lemma 1 (i.e., the two parameter

sources of EqProp in Lines 4 and 9). By the transitivity of the equivalence relation, 𝑡𝑒𝑟𝑚1

and 𝑡𝑒𝑟𝑚2 are also equivalent under 𝜙new ∧ 𝜙1 ∧ 𝜙2. Hence, the updated edge (𝑡𝑒𝑟𝑚1, 𝜙old ∨
(𝜙new ∧ 𝜙1 ∧ 𝜙2), 𝑡𝑒𝑟𝑚2) satisfies the invariant of Lemma 1.

□

C Details of the proof of Lemma 2 and Theorem 4.
Lemma C.1. (Lemma 2) Assume 𝑛 > 𝑚, 𝑡𝑒𝑟𝑚 = 𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚) ↔ 𝑡𝑒𝑟𝑚 =

𝑓 gcd(𝑚,𝑛) (𝑡𝑒𝑟𝑚).
Proof. As the implication from right to left is obvious, we now prove the implication from left

to right, i.e., 𝑡𝑒𝑟𝑚 = 𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚) → 𝑡𝑒𝑟𝑚 = 𝑓 gcd(𝑚,𝑛) (𝑡𝑒𝑟𝑚). Here we assume𝑚 < 𝑛.

Proc. ACM Program. Lang., Vol. 10, No. OOPSLA2, Article 329. Publication date: October 2026.



EUF𝑛 : A Decidable Extension to the Theory of Equality with Uninterpreted Functions 329:27

By Theorem 1, the identity 𝑡𝑒𝑟𝑚 = 𝑓𝑚 (𝑡𝑒𝑟𝑚) implies 𝑓 𝑛−𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚), and thus by the

transitivity of the equivalence relation:

𝑡𝑒𝑟𝑚 = 𝑓 𝑛−𝑚 (𝑡𝑒𝑟𝑚) = 𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚)

If 𝑛 −𝑚 ≠𝑚, we can can repeatedly apply Theorem 1 until 𝑡𝑒𝑟𝑚 = 𝑓 𝑎 (𝑡𝑒𝑟𝑚) = 𝑓 𝑏 (𝑡𝑒𝑟𝑚) 𝑠 .𝑡 . 𝑎 = 𝑏

is derived. This process utilizes a variant of the Euclidean algorithm [Rosen 2011] to find the

greatest common divisor of 𝑚 and 𝑛. Thus, 𝑎 = 𝑏 = gcd(𝑚,𝑛), and the formula on the right

𝑡𝑒𝑟𝑚 = 𝑓 gcd(𝑚,𝑛) (𝑡𝑒𝑟𝑚) is derived. □

Theorem C.2. (Theorem 4) Given two periodic equivalence relations 𝑡𝑒𝑟𝑚 = 𝑓 𝑘 (𝑡𝑒𝑟𝑚) and
𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚). Then

𝑡𝑒𝑟𝑚 = 𝑓 𝑘 (𝑡𝑒𝑟𝑚) ∧ 𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚) ↔ 𝑡𝑒𝑟𝑚 = 𝑓 gcd(𝑘,(𝑛−𝑚) ) (𝑡𝑒𝑟𝑚).

Proof. We will prove the theorem from two directions. Without loss of generality, we assume

that 𝑛 > 𝑚.

• Right to Left:

Let 𝑐1 = gcd(𝑘, (𝑛 −𝑚)). Since 𝑐1 is a divisor of 𝑘 , we have

𝑡𝑒𝑟𝑚 = 𝑓 𝑐1 (𝑡𝑒𝑟𝑚) → 𝑡𝑒𝑟𝑚 = 𝑓 𝑘 (𝑡𝑒𝑟𝑚),

and since 𝑐1 is also a divisor of (𝑛 −𝑚), we have

𝑡𝑒𝑟𝑚 = 𝑓 𝑐1 (𝑡𝑒𝑟𝑚) → 𝑡𝑒𝑟𝑚 = 𝑓 (𝑛−𝑚) (𝑡𝑒𝑟𝑚).

Applying 𝑓 repeatedly for𝑚 times to both sides of the above equation, we obtain

𝑓𝑚 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛 (𝑡𝑒𝑟𝑚).

Thus, the right-to-left direction is established.

• Left to Right:

From the formula on the left, we can obtain

𝑡𝑒𝑟𝑚 = 𝑓 𝑐1𝑘 (𝑡𝑒𝑟𝑚), 𝑠 .𝑡 .𝑐1 = 0, 1, · · · ,

𝑓𝑚+𝑐2 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛+𝑐2 (𝑡𝑒𝑟𝑚), 𝑠 .𝑡 .𝑐2 = 0, 1, · · · .
For any given 𝑛 and 𝑘 , when 𝑐1 is sufficiently large, there must exist a 𝑐2 > 0 such that

𝑐1𝑘 = 𝑛 + 𝑐2, that is, there exist 𝑐1, 𝑐2 such that

𝑡𝑒𝑟𝑚 = 𝑓 𝑘 (𝑡𝑒𝑟𝑚) = 𝑓 𝑐1𝑘 (𝑡𝑒𝑟𝑚) = 𝑓 𝑛+𝑐2 (𝑡𝑒𝑟𝑚) = 𝑓𝑚+𝑐2 (𝑡𝑒𝑟𝑚).

By Lemma 2, it follows that

𝑡𝑒𝑟𝑚 = 𝑓 gcd(𝑘,𝑚+𝑐2 ) (𝑡𝑒𝑟𝑚).

From the equation 𝑐1𝑘 = 𝑛 + 𝑐2, it follows that this equality can also be expressed as

𝑡𝑒𝑟𝑚 = 𝑓 gcd(𝑘, 𝑐1𝑘−(𝑛−𝑚) ) (𝑡𝑒𝑟𝑚).

Since gcd(𝑚,𝑛) = gcd(𝑚,𝑛 −𝑚) and gcd(𝑚,𝑛) = gcd(𝑚,−𝑛), we have

gcd(𝑘, 𝑐1𝑘 − (𝑛 −𝑚)) = gcd(𝑘, 𝑛 −𝑚).

Hence, the left-to-right direction holds, and the proof is thus complete.

□
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